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Abstract

We study Al as a Service, in which a monopolistic provider sells Al capabilities that perform
tasks for downstream buyers. Buyers privately differ in both their value from the service and the
probability that the Al resolves their task. The seller designs a menu of capabilities and outcome-
contingent prices and controls how true task outcomes are mapped into reported outcomes;
buyers may dispute and verify the reported outcome at a cost. We first compare two pricing
formats commonly used in practice: usage-based pricing (UBP), under which the buyer pays per
use regardless of the outcome, and pay-for-success pricing (PFS), under which the buyer pays
only when the deployed Al reports the task as successful. When the Al-reported outcome fully
aligns with the buyer’s task outcome, PFS becomes more attractive as per-success values become
less heterogeneous and higher per-success values coincide with higher success probabilities. In a
customer-service application, where an Al front end resolves requests before they join the human
service queue, PFS is favored when AT capability and human service are complements, and UBP
is favored when they are substitutes. Allowing the seller to choose the billable success metric
can further increase PFS profit. When buyer verification is sufficiently costly, a single success
payment combined with an appropriately chosen metric can reproduce the fully aligned limited-
liability two-price benchmark, so optimal PFS weakly dominates UBP. Our main result shows
that this misalignment motive disappears in the unrestricted contract space: separate success
and failure prices make full outcome alignment without loss of optimality and eliminate dispute
waste. We characterize the optimal mechanism, which reduces to a convex program under mild
conditions: the lowest- and highest-success-probability types receive first-best allocations, while
interior types may be distorted upward or downward according to curvature virtual types. These

results extend to settings with more than two outcomes.
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1 Introduction

Artificial intelligence is becoming a foundational layer of digital infrastructure. Across sectors,
firms deploy Al to draft communications, triage requests, retrieve internal knowledge, and execute
routine workflows (McKinsey & Company, 2025). A distinctive feature of this shift is the rise
of agentic systems: rather than producing a one-off prediction or text response, these systems
act within workflows, attempt to complete tasks end to end, and escalate unresolved cases (Sun,
2025). These systems are increasingly delivered through a service model in which providers offer
ongoing access to Al capabilities that perform tasks within buyers’ workflows rather than selling the
underlying models and infrastructure outright (Deloitte Insights, 2025; Boston Consulting Group,
2025). This emerging delivery model is commonly referred to as Al as a Service (AlaaS).

ATaaS inherits the software-as-a-service (SaaS) delivery model, in which software is hosted by
the provider and accessed over the cloud (Mell and Grance, 2011; Armbrust et al., 2010), but
differs from traditional SaaS in two economically important respects. Traditional SaaS typically
monetizes seats and subscriptions: fees are largely decoupled from what the software accomplishes,
and the marginal cost of serving an additional user is close to zero. Under AlaaS, by contrast, each
request incurs a variable inference cost, and the buyer’s willingness to pay depends on whether
the Al completes the task. The service being sold is therefore not merely access to software, but
completion of work.

This shift has brought two pricing formats to the forefront in practice: wusage-based pricing
(UBP) and pay-for-success pricing (PFS). Under UBP, the buyer pays per use or conversation
regardless of whether the task is resolved. This format is simple to implement but leaves the
performance risk with the buyer, who pays even when the Al fails. Such exposure can discourage
adoption when the Al’s effectiveness is uncertain. PFS addresses this barrier by charging the buyer
only when the deployed success metric records the task as successful—for example, a resolved
support ticket, a qualified sales lead, or a completed handoff.! PFS thereby shifts performance risk
toward the seller and links charges more closely to realized business value. Its appeal, however,
depends on a credible and shared definition of success.

Customer service makes this challenge concrete: a request reaches the Al agent, which either
resolves it or escalates it to a human server, and PFS bills only when the request is classified as re-
solved. Whether a request is truly resolved, however, is often not directly observable. The provider
must translate this context-dependent outcome into a billable metric using signals such as customer
feedback, inactivity, escalation, or an Al-based evaluation. Under Zendesk’s automated-resolution
policy, for example, a ticket is classified as a billable success when the end customer leaves positive

feedback and as a failure when the feedback is negative; when the customer leaves no feedback, the

IPFS is already common in customer service; see, e.g., Fin Al and Can I Help, which bill per resolved conversation.
Beyond customer service, outcome-based billing is also emerging in consulting; see Louise Lucas, “How Al is forcing
McKinsey and its peers to rethink pricing,” Financial Times, May 24, 2026.
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Al agent itself evaluates whether the request was resolved. Even without strategic manipulation,
the resulting metric may differ from the buyer’s value-relevant notion of task completion. This
alignment concern is amplified because the seller designs and operates the metric while its payment
depends on the Al-reported outcome, giving it an incentive to resolve ambiguity in its own favor
and creating scope for disputes.

We formalize this tension as a joint contract- and alignment-design problem. A profit-
maximizing monopolistic Al provider offers a menu to a privately informed buyer whose type
determines both her value from the service and the probability that the Al resolves her task. Each
menu item combines a contract—an Al capability, a success price, and a failure price—with an
outcome-alignment rule? that maps the true task outcome according to the buyer’s criterion into
the billable outcome reported by the Al. For each item, this rule is summarized by two probabilities:
the probability that the AI reports success after a true success and the probability that it reports
success after a true failure. The rule captures post-training, prompting, evaluation-rule design,
threshold selection, or product-policy choices that shape how the deployed metric records task
completion. After observing the Al-reported outcome, the buyer either pays the corresponding
bill or disputes it. A dispute verifies the true outcome and bases payment on that outcome, but
imposes costs on both parties, reflecting the effort required to audit the interaction, review records,
adjudicate the claim, or negotiate a billing adjustment. The seller chooses the menu to maximize
expected profit subject to the buyer’s optimal pay-or-dispute decisions, incentive compatibility,
and individual rationality.

We first use this framework to study the practical pricing tradeoff introduced above: the choice
between UBP and PFS. Under UBP, the success and failure bills are identical, so the Al-reported
outcome is payoff-irrelevant and the problem reduces to standard one-dimensional screening on
the buyer’s value. Under fully aligned PFS, the seller charges only after a true success, and the
relevant screening index becomes the buyer’s per-success value—her value divided by her success
probability. This creates a wedge between the buyer’s willingness to accept a success price and the
seller’s expected profit: a buyer with high per-success value may accept a high success price but pay
it rarely, while the seller incurs the deployment cost whenever the service is provided. This wedge
yields an asymmetric worst-case result. With n types, UBP guarantees at least a 1/n share of the
unrestricted second-best profit, and therefore at least a 1/n share of the profit from fully aligned
PFS. By contrast, fully aligned PFS can perform arbitrarily poorly relative to UBP, even with only
two types. More generally, the comparison depends on the relationship between per-success value
and success probability. Fully aligned PFS becomes more attractive when per-success values are

less heterogeneous and buyers with higher per-success values are also more likely to succeed, so high

2Throughout, outcome alignment refers narrowly to how closely the Al-reported outcome tracks the buyer’s
contractual success criterion. It is distinct from the broader use of “Al alignment” in the safety literature—aligning
model behavior with human intent and preventing misuse or misbehavior—which is outside our scope.



willingness to pay coincides with a high probability that the seller collects the success payment.
Allowing the seller to design the billable success metric can, however, increase PFS profit. If the
metric records some true failures as billable successes, the seller can collect payments in states
that fully aligned PFS leaves unbilled. This gain is weakly increasing in the buyer’s verification
cost. When verification becomes sufficiently costly, a single success payment combined with an
appropriately chosen metric can reproduce the fully aligned limited-liability two-price benchmark.
Optimal PFS then attains this benchmark and weakly dominates UBP.

We apply the fully aligned UBP-PFS comparison to a customer-service setting. A downstream
firm deploys an Al agent as the front end for incoming requests: the agent resolves some requests
and escalates the rest to capacity-constrained human servers. By diverting resolved requests from
the human queue, Al adoption reduces congestion, and the buyer’s value is the resulting reduction
in congestion cost. The application features two buyer types: downstream firms that differ in
how often the Al resolves their requests and in how congested their human service queues are. In
this two-type application, PFS weakly outperforms UBP when the buyer type whose requests the
AT resolves more often also has sufficiently high baseline human utilization; below this utilization
threshold, UBP weakly outperforms PFS. Thus, PFS is more attractive when AI capability and
human service are complements: the Al performs well precisely where the human service system is
more congested. By contrast, UBP is more attractive when they are substitutes: the strengths of
AT and human service overlap.

The PFS analysis sharpens the credibility concern introduced above: under success-only pricing,
the seller may profit from a billable metric that differs from the buyer’s value-relevant success
criterion. Buyers may therefore be reluctant to trust provider-defined success. Our main design
result shows that this misalignment motive arises from the restriction to a single success payment
rather than from outcome-contingent pricing itself. Once the seller can charge separate success and
failure fees—equivalently, a baseline fee plus a success premium—any feasible menu can be replaced,
item by item, by a fully aligned two-price menu that preserves allocations and each assigned type’s
expected cost, makes deviations weakly less attractive, and eliminates dispute waste. Thus, full
outcome alignment is without loss of optimality: the incentive role previously played by metric
design can instead be embedded transparently in the payment schedule. This result is not an
application of the revelation principle, which concerns the buyer’s reports; the object here is the
seller’s own rule for reporting outcomes. The argument is instead geometric: each item’s optimized
buyer cost is a concave lower envelope of pay-or-dispute costs, and a supporting line at the intended
type yields two outcome-contingent prices that preserve her cost, weakly raise every mimic’s cost,
and eliminate dispute waste.

We then characterize the optimal unrestricted mechanism. The analysis rests on a geometric
implementability condition: an allocation-rent profile is implementable if and only if, for every

menu item, the point associated with its intended type admits an affine expected-payment line



that passes through it and lies weakly above the corresponding points for all mimicking types. We
call this the upper-support condition. The types with the lowest and highest success probabilities
are upper-supported at any positive-service item because they face mimics on only one side of the
success-probability axis. Consequently, both endpoint types—the buyers with the hardest and the
easiest tasks—receive first-best allocations, in contrast to standard one-dimensional screening under
UBP, where only the highest-value type is undistorted. Under separable primitives, the upper-
support condition becomes a set of linear chord constraints in the space of allocation-rent profiles,
and the problem becomes a convex program and is thus computationally tractable. Each interior
type’s optimal allocation maximizes a virtual surplus with an adjusted valuation parameter—its
curvature virtual type—which encodes how buyer valuations curve in success probabilities across
types; accordingly, interior allocations can be distorted either upward or downward. If the value
shifters are discretely concave in the success-probability shifters, the seller can implement the first-
best allocation with zero rents and attain the first-best profit. These results extend to settings with
more than two outcomes.

The remainder of the paper is organized as follows. Section 2 reviews the related literature,
and Section 3 presents the model. Section 4 compares UBP and PFS and applies the comparison
to customer service. Section 5 analyzes the unrestricted two-price mechanism, establishes that full
outcome alignment is without loss, and characterizes the optimal allocations. Section 6 concludes.

All proofs appear in the appendix.

2 Related Literature

Our paper sits at the intersection of several literatures: the economics and pricing of AI, human—
Al interaction and Al service operations, performance-based contracting, outcome alignment and
information design, and mechanism design and pricing with post-allocation signals.

Economics and pricing of Al. A fast-growing literature studies the economics and pricing of
Al A first strand treats Al as a strategic pricing agent and asks what happens when firms delegate
pricing to it. Calvano et al. (2020) show that Q-learning pricing algorithms can sustain supracom-
petitive prices without communication, and Banchio and Mantegazza (2022) identify spontaneous
coupling as a mechanism behind such outcomes. More recently, Fish et al. (2024) show experimen-
tally, and Cao and Hu (2026) show theoretically, that LLM-based pricing can sustain tacit collusion
and supracompetitive prices. A second strand prices the Al itself on the supply side. Giirkan and
de Véricourt (2022) study pricing and contracting for outsourced ML products when adoption gen-
erates usage data that improves future algorithmic accuracy but also changes the provider’s effort
incentives. Bergemann et al. (2025b) show that, under a homogeneous token-production technol-
ogy, heterogeneous task valuations collapse to a scalar aggregate type, so LLM providers can screen
users with committed-spend token-budget menus; their extensions rationalize model and usage tiers

such as those used by Anthropic and OpenAl. Mahmood (2024) studies pricing competition among



generative-Al developers across heterogeneous downstream tasks, and Demirer et al. (2025) docu-
ment price dispersion, model differentiation, and adoption patterns in the LLM market. Related
work designs token-level auctions for LLM systems (Diitting et al., 2024b).

These papers price Al access, model use, or upstream inputs such as tokens, model choice,
and training data. We instead study the downstream sale of Al task completion: the buyer faces
outcome-contingent prices. Closer to this question, Iyer et al. (2025) study how to sell a service of
uncertain quality and show that the profit-maximizing scheme necessarily pairs an upfront price
with outcome-dependent prices. The two papers differ along three main dimensions. First, Iyer
et al. (2025) study voluntary usage: after observing realized outcome, the buyer may reject the
outcome, forgo access, and avoid the corresponding usage payment. In our model, participation
is voluntary ex ante, but billing is enforceable after the service is provided. Upon observing the
Al-reported outcome, the buyer may either pay the bill or dispute it and pay according to the
verified outcome; she cannot simply reject the service to avoid payment. Second, their buyer
directly observes realized quality, whereas in our model neither party initially observes the true
task outcome at billing. Instead, the seller’s Al produces the billable success metric, and the
seller chooses how closely this metric aligns with the buyer’s value-relevant success criterion. This
introduces an information-design and verification layer absent from their model. Third, buyer type
in their model affects valuations over outcomes but not the action-induced outcome distribution.
In our model, type affects both the buyer’s value and the probability that the Al completes the
task. Private information therefore concerns both willingness to pay and the Al’s type-dependent
performance.

Human—ATI interaction and AI service operations. Our paper connects to two related
strands. The first studies human—AlI interaction—how Al agents are overseen, trusted, and com-
municated with: Bastani and Cachon (2025) show that sustaining human oversight becomes pro-
hibitively costly as Al errors grow rare; Overman and Bayati (2025) model AT autonomy and human
oversight as a two-player Markov game; and Castro et al. (2024) study how users’ interaction with
generative Al shapes its outputs. The second studies Al in service systems—the operational setting
of our application—where an Al front end absorbs part of the workload and reshapes the human
servers behind it: from classic call centers with automated front ends (Khudyakov et al., 2010) to
recent work on scheduling Al-based queues under prediction error (Lee et al., 2024), automation
and augmentation in customer-intensive services (Hu et al., 2025), and when to defer to and how
to schedule human review (Lykouris and Weng, 2025; Gocmen et al., 2025). Our customer-service
application in Section 4.3 focuses on the pricing part, investigating how the substitutability and
complementarity between Al capability and human capacity shape the optimal pricing mechanism.
Closest to our application, Feldman et al. (2026) study a firm that sells an AI-human hybrid service
directly to consumers, who privately observe whether the Al resolved their problem while the firm

may not. Our setting has a different vertical structure: a third-party Al provider sells Al-agent



services to a downstream firm, rather than the same firm owning the Al and serving end customers.
The provider’s Al reports the billable outcome, which the downstream firm may dispute at a cost,
and the downstream firm privately knows both its value from the service and the AI’s probability
of resolving its tasks.

Performance-based contracts. A central benchmark for performance-based contracts is
moral hazard: hidden effort shifts a contractible performance signal, and outcome-contingent pay
trades off incentives and risk sharing (Holmstréom, 1979; Holmstrém and Milgrom, 1987; Grossman
and Hart, 1983; Diitting et al., 2024a). Related service and supply-chain work applies this moral-
hazard lens to availability-based after-sales contracts with hidden inventory and cost-reduction
choices (Kim et al., 2007) and to collaborative services with hidden buyer and vendor inputs (Roels
et al., 2010); for related empirical work on performance-based contracts and reliability, see Guajardo
et al. (2012). Our setting departs from this moral-hazard paradigm: the seller operates the AT and
offers the contract, so there is no hidden effort; instead, the buyer is privately informed about her
type. The core friction is thus adverse selection over hidden types rather than moral hazard over
hidden actions.

The closest analogue to our UBP-PFS comparison is online advertising (Edelman et al., 2007):
pay-per-impression charges for exposure, like usage-based pricing, while pay-per-click or pay-per-
action charges only after a user action, like pay-for-success (Asdemir et al., 2012; Dellarocas, 2012).
The analogy holds at the level of the pricing format, but the frictions differ. In Asdemir et al. (2012),
pay-per-impression leaves advertising targeting decisions, e.g., the intensity, with the imperfectly
informed advertiser, whereas pay-per-click delegates it to the better-informed publisher—who then
aims to maximize clicks rather than advertiser surplus. In Dellarocas (2012), pay-per-action ad-
vertising is modeled as a vertical relationship between a publisher and an advertiser who sets a
downstream product price; tying the advertising fee to clicks can distort that product price relative
to pay-per-exposure. Our setting differs on both sides: the privately informed party is the buyer,
whose type sets both value and task difficulty—a hidden-type problem—and billable success is
recorded by the seller’s own Al success metric, so the seller also designs the outcome-alignment rule
that turns value-relevant outcomes into billable outcomes.

Outcome alignment and information design. Our model contains an outcome-alignment
layer: the seller commits to an outcome-alignment rule that maps the buyer’s value-relevant task
outcome into the billable outcome used for pricing. Viewed as the choice of a signal structure,
this layer falls under the umbrella of the Bayesian-persuasion and information-design literature,
which studies how a designer’s choice of signal shapes receivers’ beliefs and actions (Kamenica
and Gentzkow, 2011; Bergemann and Morris, 2016, 2019; Candogan, 2020). Putting the contract-
design problem aside, our method for solving the information-design layer in the unrestricted con-
tract space differs from the usual concavification approach (Kamenica and Gentzkow, 2011) and

the Bayes-correlated-equilibrium approach (Bergemann and Morris, 2016, 2019). We instead use a



representation result, see Theorem 2: for any outcome-alignment rule and contract, we construct
another contract with adjusted prices and a fully aligned success metric (equivalent to full infor-
mation revealing in the information-design language) that preserves the incentive constraints and
achieves weakly higher profit.

Screening and mechanism design with post-allocation signals. Abstracting from the
information-design layer, our contract-design problem is one of nonlinear pricing (screening) with
post-allocation information. When payments cannot depend on realized outcomes, the problem
reduces to standard screening (Mussa and Rosen, 1978; Maskin and Riley, 1984; Haghpanah and
Siegel, 2025). The distinguishing feature of our setting is that payments can also condition on an
outcome signal. The related literature can be organized by the source of this signal.

When the signal is exogenous—its distribution varies with the buyer’s type but cannot be influ-
enced by the designer—outcome-contingent payments operate as side bets that exploit differences
in types’ beliefs about the signal. This logic first appeared in Myerson’s auction example (Myerson,
1981, Section 7) and was subsequently developed more generally by Crémer and McLean (1985,
1988) and McAfee and Reny (1992). Under suitable conditions, such payments can discipline type
reports and enable full-surplus extraction. See Lopomo et al. (2022) for a later synthesis and Sinan-
der (2026, Section 1.8) for an overview. The same force appears in procurement, where Riordan
and Sappington (1988) show that a public ex post signal correlated with the contractor’s privately
known cost implements the buyer’s first best whenever the signal is sufficiently informative.

More recent work moves beyond pure first-best extraction. Alaei et al. (2024) and Belloni et al.
(2025) study settings in which the post-allocation signal is the buyer’s private valuation itself, mo-
tivated by the seller’s post-allocation inspection. In repeated interactions, such inspections gain
force through exclusion: Li et al. (2025) show that although current payments cannot condition
on a post-allocation inspection, the threat of excluding a detected misreporter from future rounds
disciplines reports and raises revenue. Alaei et al. (2026) study the sale of a single item when the
seller observes a signal correlated with the buyer’s type. They characterize the optimal mechanism
by the shape of the belief function: convexity permits full-surplus extraction, concavity yields an
outcome-contingent posted price, and the general case partitions the type space into regions gov-
erned by these two regimes. Post-allocation measurement also matters in procurement. Gupta et al.
(2021) study contractors privately informed about both their costs and their estimates of a noncost
attribute, such as completion time, that is realized only after project completion (allocation). They
show that treating the realized attribute as tamper-proof can induce the winning contractor to
manipulate it; indeed, the private estimate generates information rent in their model only because
manipulation is possible. In our setting, control over the payment-relevant outcome instead rests
with the AI seller, and Theorem 2 shows that this control generates no additional profit when sep-
arate success and failure prices are available. When delivered quality is noncontractible, realized

outcomes instead facilitate learning rather than enter the contract directly (Gur et al., 2022).



Our setting differs because the signal is endogenous: the seller offers a menu of Al capability
levels, and the assigned capability determines the distribution of payment-relevant outcomes. Ca-
pability therefore affects not only value and cost but also expected payments across types, making
allocation itself a screening instrument. This endogeneity generates distinctive allocation pat-
terns: both the lowest- and highest-success-probability types receive first-best allocations, while
interior types may be distorted either upward or downward according to curvature virtual types.
The resulting design problem is generally nonconvex in its original variables, although under sep-
arable primitives it admits a convex reformulation. Relatedly, Mezzetti (2004) and Bergemann
et al. (2025a) also study endogenous post-allocation signals, but focus on implementing welfare-
maximizing allocations; we instead study profit maximization. We further endogenize how the Al’s
value-relevant outcome is mapped into a billable success metric, adding an information-design layer
to the contract-design problem. This layer introduces an additional buyer decision: after choosing a
menu item and observing the Al-reported outcome, the buyer decides whether to accept the report

or incur a cost to dispute it and verify the true outcome.

3 Model

We study a single Al provider (the seller) that sells access to Al agents that complete downstream
tasks for a buyer. Although the same AI model can perform differently across task types—for
example, coding versus writing—for a specific task, Al models’ performance is usually well ordered.
We thus adopt the simplifying assumption that AI capability is one-dimensional, representing it
by a scalar a € A C R;. Providing capability a costs ¢(a) > 0. The set A may be discrete,
representing model or service tiers, or continuous, representing adjustable inference effort or other
scalable deployment resources.

The buyer privately knows her type t € T = {1,...,n}, drawn with probability m; > 0. The
buyer has a task. Deploying Al capability a € A generates a binary task outcome w € {0, 1}, where
1 denotes success and 0 denotes failure according to the buyer’s success criterion; for a type-t
buyer, the task is resolved with probability v.(a) € [0,1]. Upon outcome w, the buyer’s realized
value is ¥¢(a,w), where v¢(a,1) and v¢(a,0) denote her values after a success and after a failure,
respectively; both may depend on the deployed capability a, since how the task is handled—not
only whether it is resolved—can affect the buyer’s payoff. Because the buyer decides whether and
what to purchase before the outcome realizes, the relevant payoff object is her expected value from

deploying capability a,
vi(a) == ve(a)ve(a, 1) + (1 = ve(a))ve(a, 0).
The analysis therefore works with the pair (vi(a),y:(a)). We relax the binary-outcome assumption

in Section A.3.

This formulation allows value and success probability to vary independently across types and



Al capabilities. A buyer may derive high value from Al because successful resolution relieves a
severe operational bottleneck, even when success is unlikely. Conversely, AI may succeed often on
tasks that are already easy or inexpensive to handle without it, generating relatively low buyer
value. We maintain throughout that a no-service allocation is available, denoted by 0 € A, with
v¢(0) = 0, 14(0) = 0, and ¢(0) = 0 for every type t.

Our model also admits a dynamic interpretation, in which deployment generates an infinite
sequence of binary task outcomes: each task is resolved with probability v;(a), and is billed on
its own reported outcome. In that case, vi(a) is the buyer’s steady-state expected value—in the
customer-service application of Section 4.3, the steady-state reduction in congestion cost. The
analysis applies unchanged with (v4(a),v:(a)) as per-task primitives.

We assume that both the buyer’s expected value from Al and the probability that the Al
resolves the task are private knowledge of the buyer. This is because both objects may depend on
the buyer’s operational environment, not only on the Al agent’s technical capability. In customer
service, for example, the seller may have a reasonable estimate of how well its Al agent handles a
particular class of requests. However, downstream firms may face different mixes of requests, and
this task mix is often known only to the firm itself. Similarly, the value of deploying the Al agent
depends on the firm’s own operating conditions. The agent is more valuable when human staff
are capacity constrained, or when human resolution is slow or costly. These conditions are also
typically private to the downstream firm.

Contracts and outcome alignment. By the revelation principle (Myerson, 1979), we can restrict
attention to direct menus in which each buyer type reports her type by choosing the corresponding

menu item. The seller offers a menu

{(at7pt7 qt, 0-1517 U?)}tGT'

If a buyer with true type t reports type r, she receives item r, given by (a,,py, ¢, o}, ). The first
three components form the contract: a, is the deployed Al capability, p, is the fee charged after a
success, and ¢, is the fee charged after a failure. The outcome used for payment is the Al-reported
outcome if the buyer does not dispute, and the verified outcome if the buyer disputes. We describe
the Al-reporting and dispute process below.

Recall that w € {0,1} denotes the true task outcome according to the buyer’s value-relevant
success criterion, with w = 1 denoting success and w = 0 denoting failure. Before deployment, the
buyer specifies an operational criterion for success, which may include requirements for task comple-
tion, escalation, follow-up, brand voice, compliance, and customer retention. The billable outcome
may nevertheless be based on imperfect signals. In customer service, for example, resolution may
be inferred from customer feedback, inactivity, the absence of escalation, or an Al-based evaluation
of whether the response was satisfactory. These signals need not coincide with the buyer’s criterion.

A buyer may regard a request as unresolved because the Al violated its service standards, while the
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seller may classify the same interaction as resolved because the customer provided positive feedback
or stopped responding and an Al evaluator judged the response relevant.?

Let @ € {0,1} denote the Al-reported outcome used for billing, with & = 1 denoting a reported
success and @ = 0 denoting a reported failure. Because the seller controls the system’s post-training,
prompts, thresholds, evaluation rules, and other product-policy choices, @ may differ from w. For
each menu item r, the mapping from the buyer’s value-relevant outcome to the billable outcome is

summarized by the outcome-alignment rule o, = (o}, 0?), where

ol=P@=1|w=1,r), oV =P@=1]w=0,7).

Thus, o} is the probability that the metric reports success after a true success, whereas o0 is the
probability that it reports success after a true failure. We assume that the seller can commit to
this rule and that buyers observe it before choosing a menu item. This assumption is natural in
our setting because the billable success metric is implemented by an Al system whose behavior is
pre-coded by the seller. Buyers therefore know each item’s deployed rule when selecting a contract.

We define full alignment in our setting as follows.

Definition 1 (Full outcome alignment). A menu exhibits full outcome alignment if, for every item
r€T,ol=1and c? =0. Under full outcome alignment, the Al-reported outcome coincides with

the buyer’s value-relevant task outcome.

We model the reporting technology flexibly by allowing any (o}, ) € [0,1]2. This specification
follows the standard information-design approach of allowing the designer to choose any stochastic
mapping from the underlying outcome to the reported signal, and provides a useful benchmark for
assessing the value of success-metric design. Despite allowing arbitrary outcome-alignment rules,
Theorem 2 shows that the unrestricted problem admits an optimal mechanism with full outcome
alignment.

After observing the Al-reported outcome @, the buyer either pays the corresponding fee or
disputes. At billing time, neither party observes the true outcome w; the buyer’s pay-or-dispute
decision is therefore based on her posterior belief about w given the report &, her type, and the
committed rule. A dispute incurs cost kg > 0 on the buyer side and cost kg > 0 on the seller
side, but allows the buyer to verify the true outcome w for billing. These costs reflect verification
costs and capture the resources required to audit the interaction, review transcripts or logs, contact
the customer, adjudicate the claim, or negotiate a billing adjustment. The timeline of the game is
summarized in Figure 1. Ties in the buyer’s dispute decision are broken in favor of the seller.
The seller’s problem. We now write the seller’s profit-maximization problem by first defining

the buyer’s expected cost and the seller’s expected payment from each menu item. Fix a menu

3For example, Zendesk’s automated-resolution documentation states that a request may count as resolved after a
period of inactivity when the customer provides no feedback and an Al evaluation confirms relevance; see Zendesk,
“About automated resolutions for Al agents.”
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pay based on J
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true outcome w

]

costs buyer K,
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Figure 1: Timeline of the game
Notes. The seller first commits to a contract and an outcome-alignment rule. A buyer with true type ¢ chooses

item r. The Al report @ is generated from the following process: the task succeeds with probability ~;(a.), and the

reported outcome follows the success-metric rule (oi, O'E). After observing @, the buyer either pays the bill or disputes

to verify the true outcome w. If the buyer disputes, billing is based on the verified true outcome w; the buyer incurs
verfication cost kg and the seller incurs verification cost xs. Neither party observes the true outcome w at billing
time: the buyer’s pay-or-dispute decision is based on the reported outcome @ and her posterior belief about w, and
the true outcome is revealed only if the buyer disputes.

item r. Let PR(@) := ©Op, + (1 — @)q, be the payment based on the reported outcome, and let
PY(w) := wp, + (1 — w)gq, be the payment based on the verified true outcome. When a buyer of
type t chooses this item, her success probability is v;(a,); for the moment, write this probability
generically as «. After observing the Al-reported outcome, the buyer chooses whether to pay
directly or dispute. Write § = (g, 1) € {0,1}? for a dispute rule,* where, for each j € {0,1},
0; = 1 means that the buyer disputes after observing & = j. The buyer’s expected cost from item
ris

Crln) = amin B, 5 (1= 05)P(@) + 05(PY (@) + k)| (1)
The expectation is over (w, @) induced by w ~ Bernoulli(y) and the outcome-alignment rule (o}, o).
The buyer’s optimal dispute rule is given by®

57 (7) € argminE, 5 [(1 = 63)PR(@) + 05(PY (w) + k)] - (SR)

5€{0,1}2

Write 67(v) = (67,0(7),07.1(7)), where &7 ;(v) is the optimal dispute decision after observing & = j.
The seller’s expected payment from the same item, net of seller dispute costs but before the cost

of providing Al capability, is

Gr(7) =By 5[(1 = 85 (M) PR@) + 851 BY ()] - rsE, 5]875(7)] (2)

Thus, if type t chooses item 7, her expected utility is v¢(a,) —Cr(1:(ar)), and the seller’s expected
profit from that choice is Gy(y¢(ar)) — c(a,). With this notation, the seller’s profit-maximization

4Restricting the dispute rule to be pure-strategy 0; to {0,1} is without loss: the buyer either pays or disputes
with certainty after each reported outcome.

SEquivalently, after observing reported outcome j € {0,1}, the buyer compares the reported-outcome payment
PE (j) with the expected verified-outcome payment plus the dispute cost, IE[RY (w) | @ = j] + kB, where the posterior
is induced by w ~ Bernoulli(y) and the committed outcome-alignment rule (o}, 02). The ex ante minimization in (1)

is this contingent decision rule written before & is realized.
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problem is

Rsp = max Z m[Ge(vi(ar)) — clat)] (3)

{at 7pt7(ItyUt17‘7?}tET teT

s.t. vt(at) — C’t('yt(at)) > 'Ut(ar) - OT('Yt(ar))7 Vt, re Tv (IC)

vt(at) — Ct('yt(at)) >0, VieT. (lR)
We refer to Rsg, the value of problem (3), as the seller’s unrestricted second-best profit.® Equiva-
lently, at a high level, the seller’s profit-maximization problem can be read as

max Z 7 [E{payment, } — ksP{dispute, } — c(a;)]
{(atpe.a.0f 0 et (o7

s.t. buyer optimally pays or disputes after observing @, (Sequential Rationality)
buyer-t selects the item ¢ (az, py, gi, 07, 070), (IC)

expected utility is nonnegative. (IR)

The objective is expected profit: expected payments net of the seller-side dispute costs induced
by potential buyer disputes and the costs of providing Al capability. The constraints are sequential
rationality (SR), incentive compatibility (IC), and individual rationality (IR). Sequential rationality
requires that, after observing the Al-reported outcome, the buyer optimally chooses whether to pay
or dispute; this requirement is encoded in C,(-) and in G,(-) through the optimal dispute rule in
(SR).

Contract classes. Two contract classes receive substantial attention and are widely used in
practice: wusage-based pricing (UBP) and pay-for-success pricing (PFS). Under UBP, the buyer

makes the same payment regardless of the outcome:
UBP: pr=¢=>0 Vt.

This format is arguably the easiest to implement because payment depends only on usage, not
on whether the AI completes the task. However, buyers are increasingly wary of usage-based
contracts because spending can scale with activity even when the Al fails to deliver business value.
This concern creates demand for contracts that link payment more directly to success. In response,
many Al-agent providers have adopted PFS, under which the buyer pays only after the task is

reported as successfully completed:
PFS : qt = 0, Pt > 0 Vt.

PFS also admits a simple microfoundation: for tasks that generate value only upon completion, it
is easy to show that PFS is the only pricing format compatible with nonnegative payments and

ex-post buyer participation. PFS, however, raises its own buyer-side concerns. In practice, success

SThroughout the paper, max denotes sup when the maximum is not attained, and statements about optimal
mechanisms or optimizers are conditional on an optimum being attained. An optimum always exists when A is finite.
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may be difficult to define, and the AI’s success metric may not be perfectly aligned with the buyer’s
value-relevant notion of task completion. These concerns are central to the ongoing debate over
how to price Al services that substitute for parts of firms’ traditional workflows.”

Section 4 zooms in on these two contract classes and offers a focused comparison of their
advantages and limitations to inform this practical debate. We show that PFS can outperform
UBP when the tasks for which success is most valuable are also the tasks the AT is most likely to
resolve. At the same time, PFS gives the seller an incentive to misalign the AI’s success metric in
order to increase profit, which is precisely the credibility concern that can hinder the adoption of
PFS in practice. In Section 5, we return to the unrestricted problem in (3), where the seller may
choose arbitrary success and failure payments, and show that full alignment is without loss for the

seller.

4 Usage-Based Pricing vs. Pay-for-Success Pricing

We proceed in three steps. First, Section 4.1 characterizes optimal UBP and fully aligned PFS.
Next, Section 4.2 compares the two pricing formats by separating the payment-base effect from the
outcome-alignment effect. Finally, Section 4.3 applies the payment-base comparison to a customer-

service queueing setting.

4.1 Optimal UBP and Fully Aligned PFS

In this section, we first characterize the optimal usage-based pricing mechanism, for which the
Al-reported outcome is payoff-irrelevant, and the optimal pay-for-success mechanism under full
outcome alignment, i.e., o} = 1 and 0¥ = 0 for every r. For tractability, several results specialize

the primitive functions to the following separable specification.

Definition 2 (Separable primitives). The private type enters multiplicatively in both the value

function and the success-probability function:
ve(a) = 0y h(a), ve(a) = oy s(a), teT, 0, >0, o >0. (4)

Here h(-) is increasing, and s(-) is such that y¢(a) € [0,1] for alla € A and t € T. Consistent with
the no-service normalization, h(0) = s(0) = 0. We also assume s(a) > 0 whenever h(a) > 0, so

every positive-value allocation can generate a success-contingent payment under PFS.

This multiplicative form is standard in screening models because it separates type heterogeneity
from the common allocation technology: ; and oy capture buyer-specific heterogeneity, while h(a)
and s(a) capture how AI capability affects value and success probability. Under Definition 2, two

orderings will be useful. We use parentheses to denote the order of types by value ;, and brackets

"See, for example, Decagon, “Pricing the AI Agent Economy”, Metronome, “What Is Outcome-Based Pricing?”,
and Siena, “Why resolutions aren’t outcomes”.
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to denote the order of types by per-success value ¢; := 6;/ay:

Oy < < 0y, by < < Py

Proposition 1 (Optimal UBP). Under UBP, the buyer never benefits from disputing, and the
seller’s success-metric design is payoff-irrelevant. Thus, finding the optimal UBP under the separa-

ble primitive functions in Definition 2 reduces to the standard one-dimensional screening problem

(Mussa and Rosen, 1978): there exists an optimal UBP menu with angP << a?f)P i the
0-order that solves
n
Rigp = max ] h(ag) — clam)] . )
a(l),...,a(n)eA; () [ (t) () (t) }
ag) < Sa)

where the UBP wvirtual types are

~ B ZZ:H-I T (k)

Ot = O o (Bery =b0) . t<n B =0
The optimal prices satisfy
UBP UBP UBP UBP UBP UBP
P = 0h(a?) . pS° =025 + 0 [n(alf”) — h(af2)]. 122 (6)

Under UBP, each item has the same success and failure payment, p, = ¢.. Thus, the Al-reported
outcome does not affect either the buyer’s payment or the seller’s profit, and disputing can only
add the buyer-side verification cost. Thus, the buyer never benefits from disputing, and the seller’s
outcome-alignment design is payoff-irrelevant. After removing the alignment and dispute layer,
type t’s utility from item r is 6;h(a,) — p,. The remaining problem is the standard nonlinear-pricing
(screening) problem with scalar type 6y, quality h(a), and transfer p (Mussa and Rosen, 1978).
The usual one-dimensional screening argument implies that incentive-compatible allocations are
monotone in the value order and that the optimal allocation solves the virtual-surplus program
in (5). As usual, the lowest-0 type’s individual-rationality constraint binds, and the adjacent
downward incentive constraints bind; these binding constraints give the payment recursion in (6).
Because the payment is independent of the realized outcome, success heterogeneity does not enter
the UBP screening index.

We next consider the benchmark PFS pricing format under full outcome alignment. This bench-
mark isolates the effect of charging for success rather than usage before introducing the seller’s abil-
ity to adjust the Al success metric. It sets up the comparison between optimal PFS and optimal
UBP in Section 4.2, where we decompose the profit difference into two parts: the effect of charging
for success rather than usage when the Al is fully aligned, and the additional gain from allowing
the seller to adjust the Al success metric. Throughout, we use the superscript “fa” to denote full

alignment.

Proposition 2 (Optimal PFS under full alignment). Under the separable primitive functions in
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Definition 2 and full alignment, there exists an optimal PFS menu whose allocation is monotone in

the ¢-order, aE]FS’fa <. < a[F;LF]S’fa. This allocation solves
RErs = s mg[x]eAZW[t] {a[t}gb[t]h(a[t}) - C(a[t])} ; (7)
e U A
a1 <-<appy)

where the PFS wvirtual types are

(¢[t+1] - ¢[t]) , <, Pln) = P[n)- (8)

D k—t41 TR QK]
T e

b = bl —

The optimal success prices satisfy

(o) o5 = o (afF5),

150 0158 = oIS S g () () ez

Proposition 2 shows that, under full alignment, finding the optimal PFS menu reduces to a one-

(9)

dimensional screening problem with screening index ¢; = 6;/ay. To see why, define the transformed

payment m, := s(a,)p,. A type-t buyer who chooses item r obtains utility

Oih(ar) — ags(ar)pr = oy [Peh(ar) — my].

Since oy > 0, multiplying utility by 1/a; does not change the buyer’s choice among menu items.
The buyer’s IC and IR constraints are therefore the same as those in a one-dimensional screening
problem with type ¢, quality h(a), and transformed payment m. Hence, an optimal fully aligned
PFS allocation is monotone in the ¢-order. The profit objective, however, differs from standard
screening because the seller collects payment only upon success. The seller’s expected revenue from
the transformed payment m; is therefore scaled by the success-probability shifter «;. This is why
the objective in (7) weights each virtual per-success value &m by oy, and why the virtual type in
(8) contains the corresponding a-adjustment. Finally, given a monotone allocation in the ¢-order,
the transformed payments are pinned down by the standard binding constraints: the lowest-¢
type’s IR constraint binds, and the adjacent downward IC constraints bind. Translating back from
my = s(ay)py gives the success-payment recursion in (9).

The fact that the seller collects payment only upon success creates a distinctive feature of
PFS relative to UBP: a buyer may accept a high success-contingent payment while generating little
expected revenue for the seller. This occurs when the buyer’s value conditional on success is high
but the task is difficult for the AI to resolve. The high success payment is acceptable to the buyer
because it is paid infrequently; for the same reason, it yields limited expected revenue to the seller.
This wedge between the buyer’s per-success willingness to pay and the seller’s expected revenue

has a sharp worst-case implication.

Proposition 3 (Asymmetric worst-case robustness). Recall that n = |T| is the number of buyer

types and that Rsg denotes the unrestricted second-best profit defined in (3). UBP satisfies the
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following worst-case robustness bound:
1 1
Ysp > — Rsg > — R, 10
UBp — n SB = n PFS ( )

By contrast, fully aligned PFS can perform arbitrarily poorly relative to UBP in the worst case: even

with n = 2 types,

*

RUBP
fa
RPFS

where the supremum is over model primitives. The same unbounded worst-case gap holds even for

sup

= oo, (11)

optimal PFS with an optimally chosen Al success metric, and for any fixed buyer- and seller-side

dispute costs.

Proposition 3 isolates an asymmetric robustness property. The bound in (10) follows from a
simple targeting argument. Because the UBP payment is independent of the realized outcome,
the seller can post a single usage payment aimed at the type with the largest first-best profit
contribution. This guarantees at least a 1/n share of first-best profit, and therefore at least a
1/n share of the second-best benchmark. Fully aligned PFS lacks this guarantee because buyer
acceptance and seller profitability need not move together. A buyer accepts a menu item based
on her per-success value ¢, but the seller collects that payment only when success occurs and still
incurs the deployment cost c¢(a). Hence, a type with a low success probability can have high ¢,
accept a high success-contingent payment, and nevertheless generate little or even negative expected
profit for the seller. The worst-case statement in (11) formalizes this failure: under PFS, serving
the profitable segment can require also serving a low-success segment, so the optimal fully aligned
PFS policy can become nearly worthless because deployment costs are incurred whenever service is
provided. By contrast, UBP can still profitably target the high-value segment. The same worst-case

logic extends to optimal PFS with strategic outcome-alignment design.

4.2 UBP-PFS Comparison

Having characterized optimal UBP (Proposition 1) and optimal PFS under full alignment (Propo-
sition 2), we now compare PFS and UBP when the seller can also choose how closely the Al success
metric is aligned with the buyer’s notion of task completion. Let Rjrs(kp, £s) denote the optimal
PFS profit with this alignment and dispute layer, that is, the value of (3) under the additional
restriction ¢; = 0 for all . Under UBP, the seller’s outcome-alignment design is payoff-irrelevant,
so optimal UBP remains the one characterized in Proposition 1. The profit difference can be

decomposed as

g f
Rpes(kB, ks) — Rigp = Rpes — Rigp + Rprs(kp, ks) — Rps - (12)
—_——

fully aligned payment-base gap  outcome-misalignment gain
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The first term reflects the payment-base effect: it compares charging for success with charging for
usage when the Al is fully aligned. The second term indicates the outcome-alignment effect: it
measures the additional profit from allowing the seller, under PFS, to choose how the Al’s success
criterion is aligned with the buyer’s value-relevant notion of task completion. This second term is
weakly positive because full alignment remains feasible. Let Rfl_al_ denote the optimal limited-liability
profit under full outcome alignment: the value of (3) when the Al-reported outcome coincides with
the buyer-value-relevant true outcome, i.e., of = 1 and o) = 0 for all ¢, and all success and failure

payments are nonnegative, p; > 0 and ¢, > 0.
Theorem 1 (Comparison of UBP and PFS). The following statements hold.

(i) (Outcome-alignment effect.) For every kp,ks > 0,
RBrs < Rpes(r, ks) < R

The optimal PFS profit with outcome-alignment design, Rpps(kB, Ks), is weakly increasing in the

buyer-side dispute cost kp and weakly decreasing in the seller-side dispute cost kg. Moreover:
(a) If buyer disputes are costless, i.e., kg = 0, then
Rps(0, ks) = Rifks.
(b) There exists kp such that, for every kp > Kp,
Rpes(rp, ks) = RIL > Rigp.

(i) (Payment-base comparison under full alignment.) Under the separable primitives in Defini-

tion 2, the following baseline comparisons hold.

(a) (Tail-average success condition.) Suppose the ordering by per-success value coincides with

the ordering by value, i.e., [t] = (t) for every rank t, and define the value-order tail average

stail _ 2ok=t T(R) (k)

® ZZ”:t (k)

If 072?)11 > oy for everyt, then R,f;an > Rijgp; if @%f)ﬂ < oy for every t, then R%‘FS < R{jgp-

(b) (Power relation.) In the power family oy = Htﬁ with 0; > 0 for allt,® the optimal UBP profit

is independent of B, while R%‘Fs(ﬁ) is weakly increasing for B < 1 and weakly decreasing for

8 > 1. In particular, R%‘FS(B) < R{jgp for B <0, leDan(O) = R{jgp, and Rf;a,:s(ﬂ) > Rigp
for0< g <1.

Part (i) isolates the outcome-alignment effect in (12). Allowing the seller to choose the Al

success metric weakly improves on fully aligned PFS, but the resulting profit cannot exceed the

8We restrict B to the range in which a¢(8)s(a) € [0,1] on the relevant allocation set, so that 7; remains a
probability.
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fully aligned limited-liability benchmark. The comparative statics reflect the costs of the dispute
process on both sides: increasing xp makes reported successes harder for the buyer to challenge
and expands the seller’s scope to use a buyer-misaligned success metric, whereas increasing xg
makes disputed reports more costly to the seller. In the extreme case in which kg = 0, any
reported success that does not correspond to a true success can be challenged at no cost, so every
misaligned PFS item is weakly dominated by a fully aligned PFS item with the same allocation and
an appropriately scaled success payment.

For large kp, reported successes are hard for the buyer to challenge. Part (i)(b) shows that,
once buyer verification is sufficiently costly, optimal PFS with a strategically chosen success metric
reaches the fully aligned limited-liability two-price benchmark. The sharper message is that a
single success payment, combined with outcome-alignment design, can replicate the same profit
as fully outcome-contingent pricing with a fully aligned metric. Since UBP is the special case of
a two-price contract with equal success and failure payments, and outcome-alignment design is
payoff-irrelevant under UBP, PFS weakly dominates optimal UBP in this high-xp regime. The
proof establishes the equivalence item by item. Take any fully aligned limited-liability item with
LL gt

nonnegative success and failure payments (p . The seller can set a single PFS success payment

pPFS = max{p't, ¢**} and choose the AI reporting probabilities so that this payment is triggered

PFS PFS after true failure.

with probability o! = ptt /D after true success and probability o0 = ¢tt /D
If kp is at least as large as every constructed success payment pP™> in the menu, the dispute
condition cannot hold, so no type disputes a reported success. The induced expected payment
is therefore exactly the same as under the original two-price item, for every success probability,
which establishes the equivalence. The nonnegativity of pt- and ¢''* is what makes the construction
feasible: because pP™> = max{p't, ¢**}, both ratios p‘*/pPF> and ¢--/pPFS lie in [0, 1]. Thus, one
success payment plus two reporting probabilities can replicate two nonnegative state-contingent
payments, while preserving allocations, buyer costs, incentive constraints, and seller profit.

Part (ii) switches off the outcome-alignment layer and compares the two payment bases di-
rectly. Its main message is that fully aligned PFS becomes more attractive when heterogeneity in
per-success values is small and when higher per-success values are associated with higher success
probabilities. The first force weakens the screening distortion under PFS, because ¢ = 0;/ay is
the relevant private-information dimension. The second force means that PFS charges on the right
margin: high per-success willingness to pay comes together with a high probability that the seller
collects the success payment.

The tail-average condition in Part (ii)(a) makes this intuition precise. When the ordering by per-
success value coincides with the ordering by value, fully aligned PFS dominates UBP if each type’s
success-probability shifter a(;) is no larger than the m-weighted tail average 6[2?)“; the comparison
reverses if each o) is no smaller than its tail average. A simple sufficient condition for these

tail-average inequalities is global monotonicity of a in this common order. In particular, if o) <
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ag) < -+ < qp), then &Eta)ﬂ > oy for every . In this case, success-probability heterogeneity partly
offsets value heterogeneity in the per-success-value dimension, and buyers with higher willingness
to pay per successful completion are also those whose tasks the Al is more likely to complete. Hence
fully aligned PFS outperforms UBP: le>an > Rjjgp. Conversely, if a1y > o) > --+ > a(y), then
dfta)ﬂ < ay) for every ¢. In this case, success-probability heterogeneity reinforces value heterogeneity
in the per-success-value dimension, while success probabilities are higher for buyers with lower
willingness to pay per successful completion. Hence RE"FS < R{jgp-

Part (ii)(b) gives a one-parameter illustration. In the power family ay(8) = 67, 3 controls
how strongly success probability is tied to value. The optimal UBP profit is unchanged as f3
varies because J changes only success probabilities, whereas UBP payments do not depend on task

outcomes. Fully aligned PFS, however, screens on

0 _

Thus the per-success-value order coincides with the value order whenever § < 1. Within this
range, the comparison with UBP depends on how success probabilities vary along this common
order. If § < 0, then ay(5) = Gf is decreasing in the common order, so the tail-average condition
in Part (ii)(a) implies Ries(B) < Rijgp. If B = 0, then a4(f3) is constant across types, so RE<(0) =

Ugp- If 0 < B <1, then ay(B) is increasing in the common order, so the tail-average condition
implies R%‘Fs(ﬁ) > R{jgp- As (3 rises toward one, heterogeneity in per-success values shrinks and
success probabilities become more concentrated among higher per-success-value types, making fully
aligned PFS more profitable. At § =1, ¢; = 6;/ay = 1 for all t. Buyers therefore no longer differ in
the screening dimension relevant for fully aligned PFS, allowing the seller to choose the first-best
allocation and extract the first-best surplus. For 5 > 1, the per-success-value order reverses relative
to the value order, so the tail-average comparison in Part (ii)(a) no longer applies directly. In this
region, le)an(ﬁ ) is weakly decreasing in 3, but its level relative to R{jgp is not pinned down without
additional conditions.

To summarize, Theorem 1 gives two distinct routes by which PFS can outperform UBP. The
first is the fully aligned payment-base route: fully aligned PFS is strong when heterogeneity in the
PFS screening index, the per-success value ¢, is limited and when success probabilities are higher
for buyers with higher ¢. The second is the outcome-alignment route: strategic Al misalignment
becomes more powerful as buyer-side verification becomes costly and less powerful as seller-side
dispute costs rise. When kp = 0, metric design adds no value beyond fully aligned PFS. When
kp is sufficiently large, misaligned PFS can implement the fully aligned limited-liability two-price

benchmark, and therefore weakly dominates optimal UBP.
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4.3 Application: Pricing AI in Customer Service

We now consider a customer-service setting in which the buyer is a downstream firm that deploys
Al agents as the front end for incoming customer requests. Each request first reaches the Al layer,
which attempts to resolve it immediately with no delay. If the AI succeeds, the request exits
the system; if it fails, the request is escalated to the downstream human service queue. Thus,
AT success determines both the outcome relevant for pay-for-success pricing and the reduction in
workload faced by human staff. This is exactly the dynamic foundation introduced in Section 3:
the ongoing stream of requests generates an infinite sequence of binary resolution outcomes, each

request is billed on its reported outcome, and the buyer’s per-task value is the steady-state expected

reduction in congestion cost.

. \\(\\

Customer
Requests

)

Resolved?
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effective utilization: (1—~:(a)) p

Figure 2: Customer-service flow with AT front end

Notes. Incoming customer requests first arrive at the Al agent. The AT layer can process all arrivals immediately, so it
introduces no queue of its own. For a type-t buyer (the downstream firm), a request is resolved by the Al of capability
a with probability v:(a) and exits the system; otherwise, it is escalated to the downstream human queue. The buyer
has arrival rate A\; and N; human servers, each serving at rate ¢, so baseline human utilization is pr = A¢/(Nepe). Al
adoption reduces the fraction of requests handled by humans to 1 — v;(a), and therefore reduces human utilization
to (1 — v¢(a))pe. The buyer’s value is the resulting reduction in congestion cost.

Figure 2 summarizes the operational flow. For tractability, we restrict the application to two
buyer types and one Al capability level, n = 2 and |A| = 1. Let ¢y denote the deployment cost
of this capability, and let 14 € (0,1) be type t’s Al success probability. Before Al adoption, type ¢
has arrival rate \;, N; identical human servers, each with service rate p;, and baseline utilization
pt = A/ (Npy) < 1. Since only unresolved requests enter the human queue, Al adoption reduces
utilization to (1 — v¢)p;.

Let V(N, A, p,~) denote the value of AT adoption for a downstream firm with N human servers,
arrival rate A, baseline utilization p, and Al success probability . This value is measured as the
reduction in congestion cost. We assume standard congestion monotonicity: holding N, A, and vy
fixed, V is continuous and strictly increasing in p, with V— 0asp | 0Oand V — o0 as p T 1.

Holding N, A, and p fixed, V is weakly increasing in the AI success probability v. Thus, type t’s

9The same insights extend to a continuous capability set A under the binary-type assumption. We use a single
capability here to keep the exposition simple.
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value is vy = V(Ng, A, pr,7¢). A concrete example satisfying these properties is an M /M /N, service
system for a type-t buyer, with Poisson arrival rate A\;, Ny exponential human servers, baseline
utilization p;, and per-unit-time waiting cost hg > 0. The buyer’s value is the expected reduction

in waiting cost from deploying the Al:

C(MNy, C(Ng, (1 — 1 —
V(Nt, At pt, 1) = ho (Ne, pr) e — (Ne, (1= 3)pe) (1 — ) pe

Ae(1—=pr) A1 = (1 —v)pi
where C(NV, p) is the Erlang-C formula.

We focus on the payment-base comparison, so we impose full outcome alignment and abstract
from the outcome-alignment force. By Theorem 1(i), allowing the seller to choose the AI success

metric can only weakly increase PFS profit.

Corollary 1 (UBP-PFS Comparison in Customer Service). Suppose there are two buyer types and
one Al capability. Relabel types so that yo > 1. Fix all other primitives and vary only type 2’s
baseline utilization py. Then there is a cutoff pf € (0,1) such that

f: *
p2>p = RBes > Rigp,
and
p2<p' = Rigp > Rffs.

Corollary 1 translates the payment-base comparison in Theorem 1(ii) into queueing primitives.
The theorem shows that fully aligned PFS is favored when high per-success willingness to pay
is paired with a high probability of success. In the customer-service application, type 2 is the
Al-easy type because 9 > . Holding the other primitives fixed, increasing po raises type 2’s
value from Al adoption, since Al removes more congestion when the downstream human system is
more heavily loaded. Thus, when ps is above the cutoff pf, the type that Al resolves more often
also obtains sufficiently high value from the reduction in human congestion, and fully aligned PFS
weakly outperforms UBP; below the cutoff, UBP weakly outperforms PFS. The proof gives the
explicit cutoff pf.

Figure 3 visualizes the cutoff comparison in Corollary 1 in service-rate space. Holding ~;, A,
and N fixed, the service rates p; determine utilizations through p; = A\¢/(Nppue); lower pu; means
higher utilization. For each value of 1, the cutoff in py translates into a cutoff in uo: when type
2’s human service rate is sufficiently low, PFS weakly outperforms UBP; otherwise, UBP weakly
outperforms PFS. The color scale additionally reports the magnitude of the comparison as a profit
ratio, not only its sign.

The figure highlights how the relative strengths of AI and human service—that is, human—AlI
substitutability and complementarity—shape the preferred pricing format. Since 2 > ~1, type 2 is
the task class on which the AI performs better. If humans are also relatively strong on type 2 tasks,

the strengths of Al and human service overlap—AI and human servers are substitutes—and UBP is
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Figure 3: UBP-PFS comparison in service-rate space

Notes. The figure specializes the customer-service model to M /M /1 human queues. It fixes A1 = Ao =1, Ny = No =
1, ho = 1, (y1,72) = (0.40,0.80), (m1,m2) = (0.90,0.10), and co = 0.10, and varies (u1,pu2) € [1.02,3.17]2. Colors
report the multiplicative advantage of the better-performing format—the ratio R{gp/Rbes on the orange side and
RéaFS/RGBP on the blue side— white regions indicate equal optimal profits.

more attractive. If humans are relatively weak on type 2 tasks—AI and human servers are comple-
ments—the Al is effective precisely where the human system is more congested, making PFS more
attractive. Beyond locating the dominance regions, the color scale also illustrates the asymmetric
worst-case robustness in Proposition 3. Within the displayed parameters, the multiplicative ad-
vantage of UBP, R{jgp/ R,f;a,:s, reaches 7.84, whereas that of fully aligned PFS, leDan /R{jgp, reaches
only 1.90.

5 Optimal Mechanisms

The previous section shows that strategic design of the Al success metric can increase the seller’s
profit under PFS. When buyer-side verification is sufficiently costly, PFS with an appropriately
chosen metric can reproduce the fully aligned limited-liability two-price benchmark; see Theo-
rem 1(i)(b). This possibility creates a central credibility concern for outcome-based pricing: the
seller may profit from defining success differently from the buyer, making buyers wary of adopting
such contracts in practice. This section returns to the unrestricted problem (3). In Section 5.1,
we show that the misalignment motive disappears once the seller can charge separate success and
failure fees, equivalently a baseline fee plus a success premium. Any feasible menu can be replaced,
item by item, by a fully aligned two-price menu that preserves each assigned type’s expected cost,
makes deviations weakly less attractive, and eliminates dispute waste. Full alignment is therefore

without loss in the unrestricted problem. In Section 5.2, we characterize the optimal unrestricted
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contract.

5.1 Two-Price Mechanisms Eliminate the Misalignment Motive

Theorem 2 (Full Outcome Alignment is Without Loss). Problem (3) admits an optimal solution

with full outcome alignment: for every menu itemt € T, of =1 and o = 0.

Theorem 2 resolves the credibility concern raised by the PFS analysis. Under PFS, a buyer-
misaligned success metric can increase profit when verification is costly, suggesting that seller-
defined success metrics are inherently difficult to trust. The theorem shows that this motive arises
from PFS’s restriction to a single success payment, rather than from outcome-based pricing itself.
Misalignment allows the seller to impose indirectly a payment after some true failures. Once
the contract can charge separate success and failure payments, the same incentive effects can
be achieved under full alignment. The replacement also eliminates the disputes through which
misalignment operates. Thus, in the unrestricted contract space, metric misalignment is weakly
dominated by transparent two-price contracting: it creates no additional contracting power and
wastes resources. The broader takeaway is that the apparent outcome-alignment problem is, in this
setting, a consequence of an insufficiently rich contract. Explicit outcome-contingent prices make
the success metric credible without reducing the seller’s profit.!?

It is useful to distinguish this result from the revelation principle. The revelation principle
(Myerson, 1979) concerns the buyer’s message space: without loss of generality, the mechanism can
ask the buyer to report her private type directly. Here, by contrast, the issue is the seller’s own
rule for mapping true task outcomes into Al-reported outcomes. Theorem 2 shows that, in the

unrestricted two-price contract space, the seller does not need to distort the Al success metric.

Proof Sketch. Fix any feasible menu M = (as,pi, g1, 0}, 0% )ier, possibly with an outcome-
alignment rule that differs from the buyer’s one. We construct a fully aligned menu M =
(at, pt, G, 1,0)1e7 item by item, keeping the allocation profile fixed. The goal is to choose success
and failure payments that keep the assigned type’s expected buyer cost unchanged, make deviations
weakly more costly, and weakly increase the seller’s profit.

For item ¢, fix the allocation a;. Let Ci(7), defined in (1), be the expected cost of choosing
item t in the original menu M for a buyer whose success probability at a; is v, after she optimally
decides whether to pay or dispute each Al-reported outcome. For any fixed pay-or-dispute rule,
the expected cost is affine in . Since Cj(+) is the lower envelope of these affine costs, it is concave.
Hence there exists an affine line that coincides with C} at the assigned type’s success probability

and lies weakly above C; everywhere:

b(yiar)) = Ce(n(ar),  b(y) > Cily) Yy €[0,1].

0The conclusion is unchanged under limited liability, i.e., when problem (3) additionally requires all payments to
be nonnegative, pt, g: > 0 for all t.
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Write this line as
Et('Y) =q + (51: - @f)% qt == gt(o)a Dt = Et(l)-

In the replacement menu M , item t keeps allocation a¢, uses the fully aligned report & = w, charges

¢ after failure, and charges p; after success.

buyer cost

ﬁt .............................................................................. - gt(’)/)

ey e
- mimic
— cost rises

Ce(v)

success
probability ~

0 Ve(at) 7Vs(at) 1
assigned type mimic type
Figure 4: Buyer cost from choosing item ¢ under M and M

Notes. The thin gray dotted lines are the buyer-cost functions generated by fixed pay-or-dispute rules; each is affine
in the success probability . The blue curve Ct(7) is their lower envelope. The red supporting line ¢; coincides with
C: at v¢(a¢) and lies weakly above it elsewhere. Its value at v = 0 and v = 1 define the failure and success payments,

g+ and p¢, in the replacement menu M.

Figure 4 illustrates the replacement. The blue curve is the original buyer-cost function C(7y),
and the red dashed line is the supporting affine line ¢;. At the assigned success probability v;(a;), the
two curves coincide; hence type t’s expected cost is unchanged. At a mimicking success probability
vs(at), the red point lies weakly above the blue point. Thus, deviating to item ¢ is weakly more
costly for type s than under the original menu. Applying this construction to every item preserves
IR and IC. Because the replacement uses direct outcome-contingent payments under a fully aligned
Al the buyer never disputes: buyer-side dispute costs from the original menu are converted into
payments, and seller-side dispute costs disappear. Hence the seller’s profit is weakly higher item

by item. O

5.2 Characterizing the Optimal Mechanism

By Theorem 2, we can restrict attention to menus with full outcome alignment without loss of

optimality. In such menus, the buyer never disputes, and the seller’s problem becomes

max Rsg = RE; = Z ¢ {(1 —ye(ae)) g + velar)pe — c(at)} (13)
{at,pt,qt et teT

st v(ag) — [(T—ve(ae)qe + w(a)pe] = viar) — [(1 = velar))gr + vear)pr], Yt,reT, (IC)
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ve(ar) = [(1 = e(ar)) @ + yelar)pe] >0, VYt €T, (IR)

Problem (13) differs from a standard screening problem because each menu item includes not only
an allocation but also two outcome-contingent prices. We first reduce these three decision vectors
to two: allocations and buyer rents. For each type t, define the buyer rent as the expected utility

type t obtains when choosing her assigned item ¢:

ug = ve(ag) — [(1—ve(ar))ge + ve(ar)pe).- (14)

Thus, the seller’s expected payment from type ¢ is v¢(a;) —us. Let ((at,ut)), - denote the allocation-

rent profile. In terms of this allocation-rent profile, problem (13) becomes

aterﬂ,zﬁzo Z Tt [Ut(at) — Ut — C(at)] (15)
teT teT

st ((at,ur)),.r is implementable. (16)

Here, ((at, ut))te’r is implementable if there exist success and failure prices (py, q)te7 that generate
the rents (uy)ie7 from the allocations (a¢)ie7 through (14) and satisfy the IC constraints (IC). The
IR constraints (IR) are captured by the restrictions u; > 0 for all £t € 7.

We next translate implementability into geometric conditions in the y-payment plane. We say
that a point (x4, y;) in a finite set {(z,,y,) : 7 € T} C R? is upper-supported if there exists an affine

line that passes through (z¢, ;) and lies weakly above every point in the set.!!

Lemma 1 (Allocation-rent implementability). An allocation-rent profile ((at,ut)) .+ € (AxR4)"
is implementable if and only if the following condition holds: for every item t € T, the intended

point (vi(at), vi(ar) — ug) is upper-supported in the point set {(v-(at), vp(ar) —uy) : 7 € T}.

Lemma 1 shows that implementability is equivalent to an upper-support condition. To see why,
fix the menu item intended for type t. Its success and failure prices generate an affine expected-
payment line in the success probability, ¢;(v) = ¢ + (pr — q¢)7y. The rent defined in (14) pins down
the expected payment of type ¢ when she chooses her assigned item ¢, so the payment line must

satisfy
Ci(ve(ar)) = ve(ar) — ue.

Equivalently, the line passes through the intended point (vi(a:),vi(ar) — ug). If type r instead
chooses item t, her deviation payoff is v,.(a;) — ¢ (v (at)), where £4(7,(at)) is the expected payment
she faces from item t. Thus, the IC constraint that prevents type r from deviating to item ¢,

up > vp(ay) — (e (ay)), is equivalent to

fl(a) > v ar) — ur. (17)

uFormally, there exist w,d € R such that w + dzt = y: and w + dx, > y, for all r € T.
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Hence, implementability requires an affine line that passes through the intended point (v¢(at), ve(at)—
u;) and lies weakly above every point (v,(at), vy (at) — u,) generated by a possible mimicking type
r. This is exactly the upper-support condition. Conversely, any such supporting line can be
implemented by setting ¢; = ¢;(0) and p; = ¢,(1). Figure 5 illustrates the geometry: panel (a) is

implementable for item ¢ because such a line exists, whereas panel (b) is not.

A vr(a) — uy A vr(ay) — uy
o
o
o
° o
o o

- (ar) - (ar)
> Yr\Gt > Yr\Gt

0 Ye(ar) 1 0 Ye(ar) 1
(a) (%(at), ve(at) — ut) is upper-supported (b) (%(at), ve(at) — ut) is not upper-supported

Figure 5: Upper-support condition for item ¢

Notes. The red point is the intended point for type ¢. In panel (a), the red line passes through this point and lies
weakly above the points corresponding to all mimicking types; hence the red point is upper-supported. In panel (b),
no affine line through the red point can lie weakly above all such points.

Remark 1 (Any positive-success allocation profile is implementable). In standard one-dimensional
screening—UBP in our setting—the main implementability result is on allocations. Under single
crossing, an allocation profile (ay)ieT € A™ is implementable if and only if it is monotone in the
buyer’s valuation parameter (Mussa and Rosen, 1978; Maskin and Riley, 1984). Also, in standard
one-dimensional screening, characterizing implementable allocations is enough: once a monotone
allocation profile is fized, the incentive-binding pattern is known, i.e., the lowest type’s IR constraint
and the local downward IC constraints binding, and pins down the optimal rents.

Our setting differs in both respects. Unlike in standard screening, the binding pattern of the
constraints is not known and can be intricate. Thus, we need to characterize the implementability
of allocation-rent profiles, not only of the allocations themselves, since the seller’s objective function
depends on both; see (15). In addition, in contrast to standard screening without outcomes, in our
setting, under mild conditions (see Lemma A-3 in the appendiz), any positive-success allocation
profile can be supported by some nonnegative rents and outcome-contingent prices and is therefore

implementable.

Define the first-best profit as

RFB = Inax Tt [vt(at) — c(at)],
{athieT [

and let (afB) 7 denote a first-best allocation profile. We next characterize when the seller can

achieve this first-best benchmark.
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Corollary 2 (First-best extraction). The following statements hold.

(i) The first-best profit is achieved, i.e., Rsg = Rfg, if and only if there exists a first-best allocation
profile (allf:B)teT such that, for every type t € T, the point (y(afB),vi(alB)) dis upper-supported

in the set {(v(afB),v.(afB)) : 7 € T}.

(ii) Under the separable primitive functions in Definition 2, with aq < --- < o, if 0 is discretely

concave in a,'? then Rsg = REg.

Part (i) applies the support-line characterization in Lemma 1 to the candidate allocation-rent

profile ((af®,0)), -
implemented with zero rents. In the upper-support geometry, this means that, for each item ¢, an

expected-payment line passes through (v:(af®),v:(afB)) and lies weakly above the corresponding

First-best profit is achievable when some first-best allocation profile can be

points for all other types.

Part (i) gives a primitive sufficient condition for the allocation-rent profile ((af®,0)), - to
be implementable. Under Definition 2, the point set {(v-(af®),v,(afB)) : » € T} becomes
{(c,s5(afB),0,h(afB)) : r € T}. Up to positive horizontal and vertical rescaling, this set has
the same geometry as the primitive type set {(a, 6,) : 7 € T'}. Because positive rescaling preserves
upper support, the support condition reduces to a condition on the primitive type set. Discrete
concavity of 8 in « is exactly that condition: by the supporting-hyperplane theorem, every point
of the concave type set {(a;,0,) : r € T} admits a supporting line that lies weakly above all other
type points; after rescaling, the upper-support condition therefore holds for every menu item t.
Thus, under discrete concavity, outcome-contingent prices can separate all types without leaving

rents, so the seller achieves first-best profit.

Theorem 3 (Optimal mechanism). Suppose vy:(a) = aus(a), where s(0) = 0 and s(a) > 0 for every

a € A\ {0}, and label types so that ay < -+ < .

(i) (Endpoint allocations) Assume max,ec{vi(a) — c(a)} > 0 fort € {1,n}. At any attained
optimum of problem (13), the lowest- and highest-success-probability types receive first-best al-

locations:

a3® € argmax{v; (a) — c(a)}, a8 € argmax{v,(a) — ¢(a)}.
acA acA

(ii) Suppose, in addition, vi(a) = O:h(a) with h strictly increasing. Define the capability index
z:= h(a) € Z := h(A), the reduced cost &(z) := c¢(h~1(2)), and, for every triple r <t < T,
AT = ST AT 2 g, - TG, — (1— AT,

ar — Qo

(a) (Convex optimization reformulation) The problem of finding an optimal contract un-

L2For a; < -+ < am, discrete concavity means that (0; — 0,)/(a: — ar) > (0 — 0¢)/(ar — ay) for every r < t < 7.
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der full alignment, i.e., problem (13), can be written as

max Z T [Orze — up — (2¢)] (18)
(2, u)€{(0,0)}U((2\{0)xR+)  teT
teT
sit. up — A ur — (L= N ur < zAY7, Vre<t<t. (19)

If Z and & are convex, this is a convex optimization problem.™

(b) (Interior curvature virtual types) Suppose Z and ¢ are convex. If problem (18) admits
a primal-dual saddle point with nonnegative multipliers m;™ > 0 on the chord constraints
(19), then each interior type t = 2,...,n — 1 has virtual value

n 1 TT ANTT
Oy =0, + W—tT;Tmt AT,
and its optimal allocation solves

a?® € argmax{6;h(a) — c(a)}.
acA

Theorem 3(i) contrasts with standard one-dimensional screening. There, under the usual single-
crossing condition, the highest-value buyer receives the first-best allocation, while other types are
distorted downward (Mussa and Rosen, 1978). Our setting differs in two ways. First, the relevant
ordering is by success probability rather than by value. Second, buyers with the highest and
lowest success probabilities—those whose tasks are easiest and hardest for the Al to resolve—
receive their first-best allocations at the optimum. That is, each of these two types is assigned
the efficient capability level: the one that maximizes the total surplus v;(a) — ¢(a) she generates
and that would be chosen under complete information. The reason comes from the upper-support
characterization in Lemma 1. As illustrated in Figure 6, an endpoint item faces mimicking types on
only one side of the success-probability axis. A sufficiently steep line can therefore upper-support
the point associated with the endpoint type, for any positive-service allocation and any rent of that
item. This means that outcome-contingent pricing alone can deter other types from choosing an
endpoint buyer’s item. For example, for the lowest-success-probability buyer’s item, the seller can
set a sufficiently high success fee so that buyers with higher success probabilities do not want to
deviate to that item. The seller can therefore choose the endpoint allocations independently of the
implementability constraints, which yields first-best allocations for types 1 and n. Endpoint rents,
however, need not be zero: changing an endpoint rent shifts that type’s mimicking point in the
upper-support conditions for other items.

Theorem 3(ii)(a) shows that, under separable primitives, finding the optimal mechanism ad-
mits a finite-dimensional convex formulation and thus is computationally tractable. The original

formulation (13) is non-convex because allocations and outcome-contingent prices interact multi-

13 A primitive sufficient condition is that A is an interval, ¢ is increasing and convex, and h is concave.
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Figure 6: Endpoint items are always upper-supported

Notes. Regardless of allocations and rents, the items assigned to the lowest- and highest-success-probability types
are always upper-supported: each faces mimics on only one side of the success-probability axis, so a line with a
sufficiently steep slope, positive for the lowest-success item and negative for the highest-success item, supports the
assigned type’s point.

plicatively. Under separable primitives, the change of variables z; = h(a;) converts the problem
into the allocation-rent program (18), which is convex whenever Z and ¢ are convex. The domain
restriction (2, ug) € {(0,0)} U ((Z2\ {0}) x R4) in (18) reflects exclusion: a no-service item offers
every type the same success probability and zero gross value, so incentive compatibility caps its rent
at the minimum rent across types, and an optimal menu sets that rent to zero. The result builds
on the implementability characterization in Lemma 1. The key step is to convert the geometric
upper-support condition into algebraic constraints on allocations and rents; see Lemma A-2 in Sec-
tion A.2. As Figure 5(a) illustrates, upper support requires the intended point to lie weakly above
every chord connecting one point to its left and one point to its right. Under separable primitives,
this chord condition becomes the linear constraints in (19) after the change of variables z; = h(az).
The weight A\]7 writes the middle success shifter as a convex combination of the two outer shifters,
ar = ANTa, + (1 — A}7)ar. The term A]7 is the chord gap: the vertical distance at a; between the
middle point (o4, 6;) and the chord through (o, 6,) and (ar,6;). A positive gap means the middle
point lies above the chord, so the triple is locally concave; a negative gap means it lies below the
chord, so the triple is locally convex. Figure 7(a) illustrates this geometry.

Theorem 3(ii)(b), built on the convex formulation (18), shows that each interior allocation is
chosen as if the type had a curvature-adjusted value parameter ét. We call §t the curvature virtual
type because its adjustment is governed by the chord gaps A;”, which capture the curvature of 6 in
a.'* The direction of the screening distortion depends on the sign of A!™ for the chord constraints.
If A7™ > 0, then type t’s value shifter lies above the chord connecting the two surrounding success-
probability types r and 7. Increasing z; = h(a;) then raises type t’s value more than it raises
the interpolated value of those surrounding types. Geometrically, the intended point for item ¢

moves up relative to the chord through the mimicking types, making it easier to deter surrounding

4The multipliers m:”™ are endogenous objects of the optimum. They admit no closed form for general type sets,
but they are computationally tractable since (18) is a convex program. For special cases, such as two or three types,
we obtain closed-form solutions; see Corollary 4.
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Figure 7: Chord gaps A}” and optimal allocation distortions

Notes. In this example, the value and success parameters 6§ and « have the same ordering. Panel (a) plots the type
set in the (o, 0) plane and illustrates the chord gaps A} that enter the chord constraints. Panel (b) compares the
resulting second-best allocations with the first-best allocations and with standard one-dimensional screening.

types from mimicking item ¢. Thus, a higher allocation has a screening benefit: by making item
t’s IC constraints easier to satisfy, it can reduce the rents needed to keep types separated. When
the corresponding chord constraint binds, this screening benefit raises 5,5 and can push atSB above
afB. If instead A]™ < 0, increasing z tightens the support constraint, lowers §t, and pushes the
allocation downward.

Figure 7(b) illustrates the allocation implications. The dashed curve is the first-best allocation

(af® the solid curve is the unrestricted second-best allocation (a3® and the dotted curve

)it |
is the optimal allocation under standard one-dimensional value screening (UBP in our setting).
In the example plotted, 8 and « are comonotone: types are ordered identically by valuation and
by success probability. Under standard screening, only the highest-valuation type receives the
first-best allocation and all lower types are distorted downward, so the dotted curve lies weakly
below the dashed curve (Mussa and Rosen, 1978). In our setting, consistent with Theorem 3,
the buyers with the lowest and highest success probabilities—types 1 and 4—both receive their
first-best allocations, while interior distortions can go in either direction. These interior distortions
are governed by the chord gaps A}” through the endogenous multipliers on the chord constraints:
positive chord gaps can create an upward screening force, whereas negative chord gaps can create
a downward screening force.

We next examine more closely how the curvature of 6 in « shapes the optimal contract. Corol-

lary 2 shows that when 6 is discretely concave in «, the seller attains the first best. We now turn

to the opposite case, in which 6 is discretely convex in a.

Corollary 3 (Convex type geometry). Maintain the assumptions of Theorem 3(ii)(b), and suppose
in addition that ¢ is differentiable. Assume that 0 is discretely convex in «, equivalently, A;™ <0

forallr<t<teT.

(i) Every interior type has a weakly lower curvature virtual type: §t < O fort =2,...,n—1.
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Consequently,'® atSB <afB fort=2,....n—1.

(ii) The optimal buyer-rent profile (ufB) is discretely convex in the a-order. Hence, the zero-rent

teT
types, i.e., the types with binding IR constraints, form a contiguous interval, and positive rents,
if any, can occur only in the two tails. If, in addition, AI™ < 0 for all7 <t < 7 and h(a?®) > 0

for all interior types, then at most two IR constraints bind; if two bind, they are adjacent.

Discrete convexity means that every interior point («y,6;) lies weakly below the chord joining
any lower-success type r and higher-success type 7; equivalently, A" < 0 for all »r < ¢ < 7. For
an interior item ¢, the chord constraint (19) bounds the rent gap u; — Aj7u, — (1 — A}7)u, from
above by zAI™ < 0. Raising z;, or equivalently a; = h~!(z), therefore weakly lowers this upper
bound in every such constraint, making item ¢ harder to support against mimics from lower- and
higher-success types. This pushes down the curvature virtual type §t Hence ét < 0y, and every
interior allocation is weakly distorted downward: a?® < afB.

The rent statement in Corollary 3(ii) is the dual side of the same geometry. With A}™ <0, the
support constraint (19) implies up® < AJ7u2B + (1 — \/")u3B for all r < ¢ < 7. Thus, each interior
rent lies weakly below the chord connecting the rents of any lower-success type r and higher-success

type 7; equivalently, (utSB) is discretely convex in a. Combined with utSB >0 for every t € T,

t
this implies that any type bee:vveen two zero-rent types must also earn zero rent. Hence, the zero-
rent types are consecutive in the a-order, and positive rents can appear only in the two tails. The
final claim follows from the additional assumptions that AL™ < 0 for all r < ¢ < 7 and h(a?®) > 0
for all interior types. If three types ¢ < j < k all earned zero rent, then the chord constraint for
item j would require 0 < h(aJS»B)A;-k < 0, a contradiction. Hence, at most two IR constraints bind;
if two bind, the corresponding types are adjacent.

Finally, we zoom in on the two- and three-type cases, which can be solved in closed form and

provide additional insight.

Corollary 4 (Two- and three-type cases). Suppose y:(a) = ozs(a), with ap < -+ < ay,. Also,
assume s(0) = 0, s(a) > 0 for every a # 0, and maxgec a{vi(a) — c(a)} >0 fort € {1,n}.
(i) If n = 2, then the first-best profit is achieved: Rsg = Rfp.

(ii) Suppose n =3 and, in addition, vi(a) = 6;h(a), t € T, where 6 > 0 and h is strictly increasing.
Define

a3 — a3

A= X = 92—)\91—(1—)\)93.

()43—&17
(a) If x > 0, then Rsg = RFg.

(b) If x < 0, then the endpoint types receive first-best allocations, while the middle type’s

I151f the first-best maximizer is not unique, take ai® to be the largest first-best maximizer.
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allocation solves

agBEargmax{(Hg—i—&() h(a)—c(a)}, &= min{7T1 773}

ac A T2 )\’1—)\

Moreover, the middle type earns zero rent, ugB =0, and the endpoint rents are given by:

(—=h(a3B)x/\, 0), T /A <mg/(1—A),
(W3, uz”) = 4 (0, =h(a3®)x/(1 = V), m3/(1=X) <m/A,
any split with Ay + (1 — Nuz = —h(a3B)x, w1/ =73/(1 = \).

With two types, there is no interior type and hence no triple r < ¢t < 7. Problem (18) therefore
has no constraints: both types are endpoints, and the seller achieves the first best with zero
rents. With three types, there is a single chord constraint in (18): the middle item must be
defended against the two endpoint types. If the middle point is locally concave, x > 0, this
constraint is satisfied with zero rents, so the first-best profit is achieved. If the middle point is
locally convex, x < 0, the middle-item chord constraint cannot be satisfied with zero rents. The
endpoint allocations remain first best, while the middle allocation is distorted downward, ag‘B < ag B
by the effective rent price —{x/m2 > 0. The middle type earns zero rent, and the seller provides
the rent needed to satisfy the chord constraint through whichever endpoint has the lower expected
cost per unit of support, min{m; /A, m3/(1 — A)}. Accordingly, the single chord constraint binds, so
IC1_9, IC3_.9, and IRy bind. The endpoint that does not receive this rent earns zero rent, so its IR
constraint binds; if the two unit support costs are tied, any rent split satisfying the chord constraint
is optimal. This contrasts sharply with standard screening, where the binding IC constraints form
a downward chain in the valuation order: IC(3)_,(1) and IC(3)_,(9). Here the IC-binding pattern is

instead concentric in the success-probability dimension.

6 Conclusion

AT as a Service shifts the object of exchange from access to performance, making both the allocation
of failure risk and the measurement of success central to pricing. Neither UBP nor PFS is universally
superior: their relative appeal depends on how buyer value relates to Al performance, while PFS
additionally requires a credible definition of success. Our central takeaway is that this credibility
problem is not inherent to outcome-based pricing; it arises from restricting payment to a single
success fee. With richer, transparent outcome-contingent contracts, the seller can preserve an
aligned success metric without sacrificing profit or incurring costly disputes. Under the optimal
contract, the buyers with the easiest and the hardest tasks receive efficient, first-best allocations.
This alignment-for-free conclusion, however, has clear boundaries. It relies on the seller’s free-
dom to choose both outcome-contingent prices: the replacement construction operates on expected

payments—presuming a risk-neutral buyer—and may require a failure fee that exceeds the success
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fee, or even negative fees. Bounds on fees or buyer risk aversion may likely block the construction.
Alignment for free is thus a property of rich, transparent outcome-contingent contracting; when
such practical constraints bind, strategic metric design and costly disputes re-emerge. Effective Al

pricing therefore requires contract design and performance measurement to be considered jointly.
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Appendix A collects auxiliary results: dispute structure under PFS, additional implementability
details for the unrestricted mechanism, and the extension to many outcomes. Appendix B proves

the main-text results. Appendix C collects proofs for appendix results.

A Additional Mechanism Results
A.1 Dispute Structure under PFS

This subsection records how a buyer responds to Al-recorded billable metric outcomes under pay-
for-success (PFS) and collects the dispute structure that the comparison in Section 4 relies on.
Proofs appear in Section C.1.

For an item s, write

ns(y) == yoys + (1 — 7)o

for the probability of a reported success when the true success probability is ~.

Lemma A-1 (PFS reported-success disputes). Under PFS, the buyer never disputes after reported
failure @ = 0. The only possible dispute is after reported success @ = 1. After observing & = 1, the

buyer disputes if and only if

(1 - V)psag > KBTs (7)

The buyer’s expected cost from item s, including both the bill and any dispute cost, when her success
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probability at this item is vy, is

Cs() = min{ psPriw=1) ,psPriw=1,0=1)+kpPr(w= 1)}

no dispute dispute dispute (A_]_)
reported-outcome bill verified bill buyer cost

= min {psns(’v), VPsTs + ffB??s(V)} :

The seller’s gross revenue is psns(y) in the no-dispute branch and ypsol — ksns(7) in the dispute

branch.

The buyer’s cost (A-1) is the lower envelope of two affine functions of the success probability—a
no-dispute bill and a dispute bill. The next result shows that there exists an optimal PFS such

that at equilibrium, no buyer will dispute.

Proposition A-1 (No on-path disputes in optimal PFS). Assume v.(a) = 0 whenever vy,(a) = 0.

There exists an optimal PFS menu in which no buyer disputes on her assigned item.

The next result shows that there exists an optimal PF'S mechanism in which only lower-success-

probability types may dispute when they deviate to items targeted at higher-success-probability
types.

Proposition A-2. Assume that vi(a) = 0 whenever vy,(a) = 0, and also types are ordered by success

probability:
7(a) < v2a) < < mla)  Vae A

There exists an optimal PFS menu such that, if a type-t buyer chooses item s < t, she does not

dispute.

A.2 Further Results and Discussion of the Implementability Result

We now provide further results and discussion of the key implementability result, Lemma 1. The

next lemma gives an algebraic representation of the upper-support geometry.
Lemma A-2 (Algebraic Representation of Upper-Support Geometry). The point (x4, y¢), t € T,
in a finite set {(x,,yr) : 7 € T} C R? is upper-supported if and only if

Yt > Yy Vr € T with x, = x4,

and

ye >Ny + (1= AN )yr Vr, T € T with x, < 2y < %,

XTr—Tt

T
where AiT = Tr=t.

The weight \]™ := (x; — x¢) /(27 — x,) is the interpolation weight that writes z; = A7z, + (1 —
AT )xr. Thus A"y, + (1 — A}7)y, is the height of the chord connecting (x,,y,) and (z-,y,) at the
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intended point x;. The lemma therefore says that upper support requires two things: points with
the same horizontal coordinate must lie weakly below the intended point, and for any point to the
left of the intended point and any point to its right, the chord connecting them must pass weakly
below the intended point. These conditions are also sufficient because they guarantee a supporting
line through (x¢,y;) that lies weakly above every point in the finite set.

Applying Lemma A-2 to the unrestricted contract-design problem (15) gives the corollary.

Corollary A-1. The unrestricted contract-design problem (13) is equivalent to

Rés = sup Z m[vp(ar) — clar) — w] (A-2)
atEA,#zZO teT
te

st w(ay) —w > vp(ar) —up, Vt,r €T with v (ar) = vie(ar),
vi(ar) —ur > N7 (a) [vr(ar) — ue] + (1= N7 (@) [vr(ar) — ur], VE,r,7 € T with v,(ar) < ye(ar) < vr(ar),

where
N7 (a) = 0 = la) (A-3)
Yr(at) — vr(ar)

This corollary reduces the problem (13) from three decision vectors—allocations and two
outcome-contingent prices—to two decision vectors: allocations and rents. This formulation is
powerful because, under certain additional structure, e.g., under separable primitives, the same
upper-support constraints become linear, leading to the convex formulation in Theorem 3.

Our next result supports Remark 1: under mild conditions on the success-probability function,

any positive-success allocation profile is implementable.

Lemma A-3 (Any positive-success allocation is supportable with enough rents). Suppose the
success probabilities are separable, vi(a) = cys(a), with distinct parameters ay. Then, for any fized
allocation profile (at)ieT € A™ satisfying s(ai) > 0 for every t, there exists a rent profile (u¢)ieT €

R™ such that the allocation-rent profile ((ar,ur)) satisfies support-line implementability. That

teT
18, any positive-success allocation profile is implementable.

Intuitively, given an allocation profile and ignoring rents, the seller still has two outcome-
contingent prices for each report, which are flexible enough to implement the allocation. Formally,
for any allocation profile (a;)ie7 satisfying s(a;) > 0 for every ¢, we construct a rent profile (u)ier,

chosen large enough, such that ((at, ut)) . is implementable.

A.3 Beyond Binary Outcomes

We now relax the binary-outcome assumption and show that the main results about optimal unre-
stricted mechanisms in Section 5 continue to hold.

Let the buyer-value-relevant outcome set be = {w1,...,wk}. At allocation a, a type-t task
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induces the true outcome distribution

7t(a) = (fyt7w1 (a), s Vwi (a)) S A(Q)7 Vt,wi (a) = P<w = Wk | t a)? (A'4)

where A(Q) is the simplex over 2. As in the main model, the seller commits to an outcome-
alignment rule that maps the true outcome w into the Al-recorded billable metric outcome @ € €.

With many outcomes, this rule is a row-stochastic matrix

K
Y = (O-;])i[,(j:b O-;J = ]P)(&\j = Wj | W = wivt)7 ZO-? =1,
Jj=1

whose off-diagonal entries capture success-metric misalignment. Full outcome alignment is o) =

1{i = j}. A menu item ¢ specifies an allocation a;, an outcome-alignment rule ¥, and outcome-
contingent bills p; := (Drwy, - - - Prwy ) € RE. After observing &, the buyer pays the corresponding
bill or disputes to verify the true outcome w at cost kp to herself and kg to the seller, similar to

the binary-outcome setting.

Theorem A-1 (Many-outcome full outcome alignment). In the many-outcome setting, full outcome

alignment is still without loss of optimality, i.e., o) = 1{i = j}.

The argument extends Theorem 2. Fix a menu item t and its allocation a;. For each fixed
pay-or-dispute rule, the buyer’s expected cost is affine in the true outcome distribution «, because
the reporting matrix maps this distribution linearly into true and reported outcomes. Because
the buyer optimally chooses whether to pay or dispute, the buyer’s expected cost Ci(«) is the
minimum of finitely many affine functions and is therefore concave. Choose an affine function
attaining this minimum at +;(a;). It equals C; there and lies weakly above C; elsewhere due to
concavity. Under full alignment, its values at the simplex vertices define new outcome-contingent
bills. These bills preserve the assigned type’s cost, weakly raise every mimic’s cost, eliminate dispute
waste, and weakly increase profit. Thus, unrestricted outcome-contingent bills make success-metric

misalignment redundant.

For the optimal-contract extension, impose a separability condition on the many-outcome dis-
tribution: each type has an outcome-distribution-relevant parameter a; € R? for some positive
integer d > 1, and the whole outcome-distribution vector is affine in that vector. We use co(+) for

convex hulls and ext(-) for extreme points.

Theorem A-2 (Many-outcome optimal contract). Suppose each type t € T has a vector index

a; € R and, for each allocation a, the outcome-distribution vector admits the affine representation
Ye(a) = b(a) + B(a)ou, (A-5)

where b(a) € RX, B(a) € REX? with B(0) = Oxxa, and the columns of B(a) are linearly in-
dependent for every a € A\ {0}. Assume also maxgea{vi(a) — c(a)} > 0 for every t with
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o ¢ co{a, : r #t}.
(i) (Extreme-point allocations) If a; ¢ co{a, : r # t} —equivalently, o, € ext(co{a, : 1 € T})—

then type t receives a first-best allocation, i.e., a?® € argmax, ¢ 4{vi(a) — c(a)}.

(ii) (Convex characterization) Suppose, in addition, vi(a) = 0:h(a) with h strictly increasing,
and write z := h(a) € Z := h(A) and &:=coh™!. Let e; denote the unit vector in A(T) that
puts probability one on type t. With

A= {AEAT) : Lo e =au}, & =ext(A)\{e}, A} =0, — Srer Mbr,

the second-best problem is equivalent to

max Z 7rt[9tzt — é(zt) — ut] (A—G)
(20, u)€{(0,0}U((E\{OD xRy ) T
teT
st up — Z My <z A?, VteT, \€&. (A-7)
reT

When Z and ¢ are converx, this is a convex program. If it admits a primal-dual saddle point
with nonnegative multipliers my > 0 on the constraints (A-T), each optimal allocation solves

a?B € arg maxaeA{é\th(a) — ¢(a)} with curvature virtual type 0, = 0, + 7 * Saes, MPAAD.

Part (i) is the many-outcome form of the endpoint result. In the binary model the lowest
and highest success shifters are the endpoints of a line; here an “endpoint” is any index a; lying
outside the convex hull of the other indices. Such a type can be strictly separated from the rest
by a hyperplane, so a sufficiently steep bill vector supports its incentive constraints whatever its
allocation. Its allocation therefore need not be distorted for screening, and it receives a first-best
allocation at any attained optimum. For such an extreme type, Ay = {e;} and hence & = &, so
(A-7) is automatically satisfied.

The linear-independence condition is what lets outcome-contingent bills act as supporting
hyperplanes in the type-index space. For item ¢, the bills p; generate the expected payment
p, vr(ar) = p blas) + p; B(at)a,, affine in the mimic’s index o, with slope B(a;) p;. When the
columns of B(a;) with a; # 0 are linearly independent, the map p; — B(as) " py is onto R?, so the
seller can set this slope in any direction, while a common shift of all K bills sets the intercept.
Outcome bills can therefore trace out an arbitrary affine function of a,—the vector form of the
support line in Lemma 1. The base model is the special case d = 1 and K = 2. Ordering failure

first and success second, its outcome distribution is

(1= as(a) _ 1 —s(a) a.
" )‘( st ) (0)+(s<a>)

Thus B(a) = (—s(a), s(a))". Since s(a) > 0 whenever a # 0, B(a) is a nonzero one-column matrix

and therefore has full column rank.
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Part (ii) extends the base-model convex program in Theorem 3(ii)(a) to the many-outcome
setting. The set A; collects the nonnegative weights A that sum to one and reproduce «; as
> or Aray = @, while & excludes the unit vector e;, which places all weight on type ¢, and retains
the nontrivial extreme weights. For each \ € &, the gap A} = 6, — >, A0, compares type t’s value
shifter with the corresponding weighted average. After setting z; = h(a;), these conditions become
(A-7), whose multipliers generate the curvature virtual types. When d = 1, the hull’s extreme

points are the lowest and highest a-types, and (A-7) reduces to the scalar chord constraints (19).

B Proofs for the Main Text

B.1 Proofs for Section 4

B.1.1 Proofs for Section 4.1

Proof of Proposition 1. Under UBP, each item has the same success and failure bill, p, = ¢,.
Thus, the Al-recorded billable metric outcome does not change the buyer’s payment or the seller’s
profit, and disputing can only add to the buyer’s dispute cost. Replacing any outcome-alignment
rule by full alignment, inducing no dispute, is therefore without loss.

After removing the reporting layer, type t’s utility from item r is

Gth(ar) — Pr.

The remaining problem is the standard finite-type nonlinear-pricing problem with scalar type 6,
quality h(a), and transfer p (Mussa and Rosen, 1978). The usual one-dimensional screening argu-
ment gives monotone allocations in the value order, the virtual-surplus program in (5), and the

payment recursion in (6). O

Proof of Proposition 2. Under PFS with full outcome alignment, item r has failure bill zero

and success bill p,.. Let
my := s(ay)pr.

Then type t’s utility from item r can be written as
b4

Qi

eth(ar) - at3<ar)p7" = Ot [¢th(ar) - mr]a O
Since oy > 0, type t’s pairwise IC constraint between any two items r and s is equivalent to
ch(aT) —ogmy > eth(as) — QM — Cbth(ar) - my > ¢th(as) — M.

Thus, fully aligned PFS has exactly the standard one-dimensional IC system with type ¢, quality
h(a), and transformed transfer m. IC therefore requires the allocation to be monotone in the

per-success order ¢] < -+ < @y
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Fix any allocation monotone in this order, and define transformed utility u; := ¢ih(ar) —
my. By the standard one-dimensional screening result, the profit-maximizing payments for this
fixed allocation minimize transformed rents: the lowest-type IR constraint binds, and the adjacent

downward IC constraints bind. Hence

up) =0, uy) = up—1) + (¢ — Sp—1))hlap—1), t=2,...,n.

Expected profit is

> lagmig — clagg)] = D mpg [ hlag) — clagg) — apguy]-
t=1

t=1
Substituting the transformed rents yields

n

n 1 n
> gl dhlag) — clay)] — ( > W[k]a[k]) (Pp11] — b)) hlag)
ket t1

t=1 1 \k=t+

&~
Il

=" my [ hlany) — clapy)],
t=1

where 5[,5} is the PFS virtual per-success value from Proposition 2. Finally, up; = 0 gives m;) =
épih(ap)). For t > 2, the adjacent downward IC constraint binds:
dhlay) — my = dhlag_1) — mp_1j,
SO
mpy = mp_1) + b (h(ay) — hlap—y)),  t>2.

If h(agy) > 0, then s(ay)) > 0 and we set py = my/s(ay). If h(ap) = 0, monotonicity and the
recursion give mpy = 0, so we set py = 0. Since mpy = s(a[t] )p[t], this is exactly the success-price

recursion in the proposition. ]

Proof of Proposition 3. Let

SFB . —max{vt( ) —c(a)}

acA

be type t’s first-best surplus The no-service allocation implies Sf® > 0. Choose t* €
argmax, mSf 5, and let afB attain SEB. A UBP seller can offer the single item (af2,p) with
use price p = v (a,';B). Type t* accepts and yields profit Sf*B. Any other type who also accepts
pays the same price, so the seller’s profit from that buyer is p — c(at* ) = SFEB > 0. Hence

RUBP > Wt*St* > Z’ﬂ'tSF *RFB > RSB > RPFS

It remains to show that fully aligned PFS has no analogous guarantee. We give a two-type
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example with separable primitives as Definition 2. Fix ¢ € (0,1]. Let

1
A =10,1/0], h(a) = a, s(a) = a, c(a) = §a2.
For € > 0, set
0
m=l-e  G=1 =< ap=0 o= e

T2 =€,

For small €, all success probabilities y:(a) = aza lie in [0,1] on A.
By Proposition 1, the low-value UBP virtual type is

5(1) 252— %—5(1_62) = —< 0,

while 5(2) = 1. Thus optimal UBP excludes type 1, assigns a3 = 1, and obtains
1 €
Rijgp = 1—-=-)=-.
uBp = T2 ( 2) 9

For fully aligned PFS, the per-success values are
0 1 2 0

02_5 1) aq

Hence [1] = 2 and [2] = 1. By Proposition 2,
1—¢)e ~ 2
( ) b =1 = 5

~ T - _1_7
o) = 92 7r2a2(¢1 <Z52)—5 55

Therefore the value-unit coefficients in (7) are

1—¢)e ~
L=< apgdp) = €”.

apdy =1-"—5

The first coefficient is larger than the second, while the PFS allocation must be monotone in the

¢-order, ajy) < apg). Since the objective in (7) is concave, the optimal fully aligned PFS allocation

pools the two types: aj;) = ajg) = a. The pooled objective is
1— 1
{5 (1 - (26)5) +(1— 6)62:| a— §a2.

Thus the optimal pooled allocation is

n g2 &8
a=e+—— —
2 27
which is feasible for small ¢, and
2
1 g2 &3
Rfa _ - - <
PFS = 5 (5 T3 2)
Consequently,
5 2 1




Thus fully aligned PFS can be arbitrarily worse than UBP.
Finally, we show that the same conclusion holds for optimal PFS with an optimally chosen
success metric, for every fixed pair of dispute costs (kp, ks) € [0, 00)%:
*

o B >
where Rpps(kB, ks) is the optimal PFS profit with success-metric design and the supremum is over
the remaining primitives. The idea is a monetary rescaling of the example above: multiplying all
values and costs by a large constant leaves the UBP-PFS comparison unchanged when xp = 0,
while making any fixed dispute cost negligible relative to the stakes.

Fix (kp,ks) € [0,00)% and ¢ € (0,1/2], and set

max{l,kp}
4 ?

KB

M = so that < et

€
Consider the same primitives as above, except that all monetary quantities are scaled by M:
M
0; = Me?, Oy = M, cla) = ?a2
with 7, o, A, h, and s unchanged. Since the UBP virtual types and the deployment cost scale by
M, the optimal UBP menu is unchanged and
« _ Me
uBp = 5
We now bound Rppg(kB, kg) from above. Fix any feasible PF'S menu with success-metric design,

{(as,p,0,0¢,07) }reqr,2y With p; > 0, and define type ¢’s on-path expected cost and rent,
Py = Ce(m(a)) 20, up:=vi(ar) - P

P, > 0 holds because PFS payments and buyer dispute costs are nonnegative. Four observations
deliver the bound.

First, the seller’s expected payoff from each assigned item is at most P;: the buyer’s expected
cost P; equals the expected transfer plus the buyer’s expected dispute cost, while the seller’s
expected payoff equals the expected transfer minus the seller’s expected dispute cost. Hence, for

every kg > 0,

Rips(k. k) < sup (1 )[Pi — c(ar)] + <[Py — clay)],
where the supremum is over feasible menus. Second, IR and P; > 0 give

0 < u <wylay), SO P, < Me?ay, P, < Mas.

Third, by Lemma A-1, for a buyer with success probability v at item 2,

Cy(v) = min{pama(7), yp20s + kpm2(Y)},  m(y) =0 + (1 —7)0s.

Both candidate costs are at least vpao3, so Py = Co(y2(az)) > y2(az) p2os. Moreover, choosing the
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dispute branch and using 73(+) < 1,

2 2
a1 € €
Cs(71(az)) < y1(az) p2o3 + kg = 07272((12)2920% +rB < 5P2 +rB < EMaz + KB,

where we used aj/as = €2/2. This is the key step: success-metric misalignment can raise the
mimicking cost of the low-success-probability type by at most kg, because that type can always
dispute every reported success, paying only for verified true successes while incurring an expected
dispute cost of at most kp. Fourth, type 1’s IC constraint toward item 2, together with u; <

vi(a1) = Me%aq, yields

9 9 g2 Me?
Me al 2 (75} Z Ul(az) — C’Q(’yl(ag)) Z Me ag — EMCLQ — KRB =

so that
a2§2a1+M—€2§2a1+25 .

Combining these observations, any feasible menu earns at most

Rpes(rp, £is) < sup  (1-¢) (52@1 - la%) + €(a2 ; 1&%)

M T 41,0220 2 2
a2§2a1+2€2
2
1—¢ [(1—¢e)e? + 2¢]
< su 1—e)e? +2a; — at + 2 = —1—253,
= o [0 maeteefan = el 21 <)

where the second inequality drops —%a% < 0 and substitutes ag < 2a; + 2¢2. For ¢ < 1/2, we have
(1-e)e?+2<e(2+¢)<3cand 2(1—¢) > 1, so

. 25
Rst(KB, K/S) < M(ZEQ + 2€3>.

Therefore,
UBP > Me/2 1

= — +00.
Rigs(rp,rs) = M(Ze?+263)  Be 422 o

Since (kp, ksg) was arbitrary and held fixed along the sequence, this proves (B-8). Note that the
construction scales the monetary primitives with 1/¢*: what drives the result is that the dispute

cost kg becomes small relative to the monetary stakes, not that kg is small in absolute terms. [

B.1.2 Proofs for Section 4.2

Proof of Theorem 1. We prove each result separately.
Proof of (i): bounds.

We first prove the chain of inequalities. Fully aligned PFS is nested in PFS with success-metric

design by setting o} = 1 and ¢? = 0 for every r, so

RBes < Rpps(r, k).
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To prove Rppg(KB, ks) < R | fix an arbitrary feasible PFS menu with success-metric design,
M :{(ampr,%’vo';ya'g)}re’ﬁ =0, pr=>0, 0'7}70'196 [07 1]-

We construct another menu,

M = {(aﬁﬁﬁ@“’ 170)}7’67—7 ﬁr;@r Z 0,

with full outcome alignment, outcome-contingent prices, and the same allocations. We show that
this new menu preserves IC and IR and weakly increases the seller’s profit.
Fix an item r. For a buyer whose success probability at allocation a, is v, the success-metric

rule in M generates reported success with probability

ne(y) =0, + (1= 7)o).

By Lemma A-1, item r induces the following buyer cost for a buyer whose success probability at

allocation a, is 7:
Cr(y) = min {py11,(7), YPro} + k(1) }
The two terms inside the minimum are affine in . Denote these two candidate cost lines by
o) =pne(y), ) =00y + £0e(7).

Thus C,(y) = min{f2(7), f}(7)}. At the intended success probability 7.(a,), choose one line
0. € {f°, f!1 that attains this minimum. Then

be(yr(ar)) = Cr(vr(ar)), be(y) = Cr(y) ¥y €0,1],

because C. is the pointwise minimum of the two candidate lines.
We now use £, as the fully aligned expected-payment line for item r. An outcome-contingent

fully aligned item with failure bill g, and success bill p, generates expected payment
(1 - 7)@ +90r = ¢ + (ﬁr - ar)'}/-

Therefore set

These bills are nonnegative because the two candidate lines have endpoint values

0 1 0 1
Proy, POy, KpO,, (pr+KB)O,,

all of which are nonnegative. Hence the replacement item (a,, pr, ¢, 1,0) satisfies limited liability.

Doing this for every r gives M. For each intended report r, fully aligned buyer cost is unchanged:

be(vr(ar)) = Cr(vr(ar)).
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For any deviation by true type ¢ to report r, buyer cost weakly increases:

gr(’yt(ar)) > Cr(’yt(ar))-

Therefore fully aligned utility is unchanged and every deviation becomes weakly less attractive, so
IC and IR are preserved.

It remains to compare seller payoff. Under the original item 7, buyer cost equals the expected
transfer plus the buyer’s expected dispute cost, while seller payoff equals the expected transfer
minus the seller’s expected dispute cost. Hence the original seller payoff from item r is weakly below
Cr(vr(ar)) due to the potential dispute cost. The replacement item has full outcome alignment, no
dispute waste, and expected payment £,.(v,(ar)) = Cr(vr(ar)). Thus seller payoff weakly increases
for every intended item, while allocation costs are unchanged. Hence every feasible PF'S menu with

success-metric design is weakly dominated by a fully outcome-aligned limited-liability menu.

Proof of (i)(a).

When kg = 0, the buyer can freely dispute any reported success. Formally, by Lemma A-1
with kp = 0, a buyer with success probability ~ at item r has cost C,.(y) = min{p,n,(y), yp,c}} =
yprol, since n,.(y) > vyol. Replace item r by the fully aligned PFS item (a,, pro}, 0, 1, 0): every
type’s cost line is unchanged at vyp,ol, so IC and IR are preserved. Expected transfers are also
unchanged, no disputes occur under full alignment, and the seller saves the dispute cost kg whenever
the original item was disputed. Applying this replacement item by item weakly raises profit, so

Rpes(0, k) = Rifks.

Proof of (i): comparative statics.

Fix k3 > kp. If kp = 0, part (i) and the nesting of fully aligned PFS in PFS with success-metric
design imply

Rises(0, 5) = Ries < Rpps (K, kis)-

Now suppose kg > 0. Fix any feasible PFS with success-metric-design menu for (kp, kg). For each

item with p, = 0, leave the item unchanged. For each item with p, > 0, set

/ 1

K ag g

Ne="Bo1 o pl=ap, ot =2 o=
KB A

The effective bills are unchanged:

r 1 1 _
p'ro-'r _pT‘O-ra pTUT _pro-ra

and the reported-success probability is scaled down:

/ /
m(y) =yor + (1 =)oy =
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Therefore Lemma A-1 gives, for every -+,

CL(y) = min{pl, (), yplot + K (v)} = min{p.n-(7), ypro + kpne (1)} = Cr (7).

Thus all IR and IC constraints are unchanged. Seller payoff is weakly higher: in the no-dispute
case, the expected reported-outcome bill p,n,(y) is unchanged; in the dispute case, the verified
expected bill yp,o]} is unchanged, while the seller pays the dispute cost with probability n.(y) =
e (7) /A < nr(y). Taking suprema proves weak monotonicity in kp.

For monotonicity in the seller dispute cost, fix k's > kg. The feasible set and the buyer-optimal
dispute set do not depend on kg. For any fixed PFS with success-metric-design menu and any
buyer-optimal dispute rule, increasing kg only subtracts additional seller dispute cost from the
objective, item by item. Hence, the seller’s profit is weakly lower at s than at kg, and taking

suprema gives

Rpes(r8,Ks) < Rprs(k, kg).

Proof of (i)(b). Take any fully outcome-aligned limited-liability item with success payment p‘* and
failure payment ¢'t. If ptt = ¢'* = 0, implement it by the zero PFS item. Otherwise set

PFS LL LL 1 pt 0 gt
p = max{p ,q }7 o = ]ﬁ, o = F

Then the expected PFS bill without disputes is
PP [yot + (1 =)0 = yptt + (1 = 7)d",

which is exactly the expected bill of the fully aligned limited-liability item.
For sufficiently large kg, no type disputes reported successes. Indeed, by Lemma A-1, the

dispute condition is
(1 —y)pPP0% > kp[yo! + (1 —7)0].
If kg > pPFS, the right-hand side is at least
PPt + (1 =)0 = (1 —7)p" 0",

so the strict dispute condition cannot hold. Thus the constructed PFS item implements the same
buyer payments and the same seller profit as the fully aligned limited-liability item.

Applying this construction to every item of an optimal limited-liability menu, let
Rp 7= max max{pt, ¢-t 1.
For every kg > Kp, no constructed item is disputed, so

Rpes(rp, ks) = R{L.
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Finally, UBP is a fully aligned limited-liability subclass, so

f: *
R} > Rigp-

Proof of (ii)(a).

Because the value order and the per-success order coincide, write the common order as

(1),...,(n). Fix any allocation profile (a)i-; that is monotone in this order, and set h(a(y)) = 0.
By Proposition 1, the UBP reduced objective at this allocation is

n

> 7w [Buyhlag) — claw)]-

t=1
By Proposition 2, the fully aligned PFS reduced objective at the same allocation is

n

> 7w o b hagy) — claw)]-

t=1

The cost terms are identical, so we compare only the virtual-value terms. Using

h(aw) = Y_[h(ag)) = hlag-1)],

j=1

and swapping the order of summation, the UBP virtual-value term is

Z;M nlwhiag) =>" (ZW 9(t>) agy) = h(ag-1)]
t= ]:1 t_]
= (Z” )9@ (a¢)) — hlag-1))],
Jj=1 \t=j

where the last equality follows from the definition of the UBP virtual type é(t). Similarly, using the
truthful-PFS virtual type,

zn:” ¢(t Z (ZW ) ¢(g h(ag)) — h(@(j—l))]- (B-9)

t=1 =1 \t=y

Therefore fully aligned PFS minus UBP at this fixed allocation equals

2 [(Z%)%)) G~ (Z” )%] (ag)) = hlag—)]-
j: =
It
Dot T
Thme 200

then, since ;) = a(;¢(;), every bracketed coefﬁcient above is nonnegative. Monotonicity of the

V7,

allocation gives h(a;)) — h(a(j—1)) > 0. Hence fully aligned PFS weakly dominates UBP at every
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common monotone allocation. Evaluating this at the UBP-optimal allocation gives
f:
Rpes = Rigp-

The case with the reverse tail-average inequalities is identical, with all inequalities reversed.

Proof of (ii)(b).
By Proposition 1, R{jgp is independent of success probability, and thus independent of 5. It

remains to study RE:<(3).
Fix B, under the power-relation ay = 95 , we have
04
o (B)

By the same summation-by-parts argument in (B-9), the coefficient on the increment h(ap)) —

$1(8) = =0,

h(a—q)) in the fully aligned PFS reduced objective is
16\~ o8
9[1:] Z ”[k]e[k}-
k=t
For fixed t, its logarithmic derivative with respect to (5 is

D k=t Tk H[Bk] log O}y
S Tk O

If B < 1, the ¢-order is the same as the value order, so ) > 0} for every k > t. Hence this

—log Oy +

derivative is nonnegative. If 5 > 1, the ¢-order is the reverse value order, so 0 < 0 for every
k > t, and the derivative is nonpositive. Since all increments h(ay)) — h(ay—1)) are nonnegative,
the fully aligned PFS reduced objective is weakly increasing on the feasible part of (—oo,1] and
weakly decreasing on the feasible part of [1,00). At 8 = 1, ¢¢(1) = 1, i.e., all types have the
same per-success value. Thus, fully aligned PFS can extract the first-best surplus. Therefore
RErs(1) = Rigp-

At B =0, ay = 1 and ¢, = 6, for every type. Thus, fully aligned PFS and UBP screen
buyers on the same index and, crucially, also generate the same expected transfers. Indeed, for a
PFS item (a,,p,), let m, := s(a,;)p,. A type-t buyer’s utility is 6;h(a,) — m,, while the seller’s
expected transfer is m,., exactly as under a UBP item with usage price m,.. Conversely, any positive-
service UBP item with price m, can be implemented under PFS by setting p, = m,/s(a,). Hence
RE_(0) = R{jgp. The monotonicity established above then immediately implies Ries(8) < Rjjgp
for B <0, and Ri<(B8) > Rjjgp for 0 < g < 1. O
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B.1.3 Proofs for Section 4.3
Proof of Corollary 1. Write v, := V (N, A, pr, ) and ¢y := v /7. It is easy to show that

1e{1,2} PR

R{jgp = max {0, max Z mj(v; — co)} , (B-10)
and

R« = max {0, max Z (Vi — co)} . (B-11)

2 65
Assume 79 > 1. Define
~ = my1 + mevye, vt = max {?vl, :;lzmin{vl,co}} .
1

By the congestion property, V (N2, A2, p,¥2) is continuous and strictly increasing in p, with limit 0

as p J 0 and limit oo as p 1 1. Hence there is a unique p! € (0, 1) satisfying
V(Na, Mg, pl,72) = o

Since vy = V(Na, A2, p2,y2) is strictly increasing in p, it remains only to verify the following

value-threshold comparison:

vy >0l = Rk > Rige,
and

v <ol = Rigp > Rfrs.

This can be verified case by case by comparing (B-10) and (B-11). We omit the details here. [

B.2 Proofs for Section 5

B.2.1 Proofs for Section 5.1
Proof of Theorem 2. Consider any feasible menu
M = {(asapsv ds, O-;a Ug)}seT

in (3) and keep the allocation profile fixed. Consider one item ¢. If a buyer chooses this item and
has success probability v at as, let Cy(7y), see (1), denote her minimum expected cost, including any
buyer dispute cost. For a fixed pay-or-dispute rule § = (o, 1) € {0,1}2, define the corresponding
fixed-rule cost by C 5(7). The joint probabilities of (w,@) under item ¢ are

P(lvl) :70—t17 ]P)(lao) :’7(1_0-751)7

P(0,1) = (1 - 7)o}, P(0,0) = (1 —7)(1~a7),
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S0 Qt,é(V) is

Qt,é(’Y) = lfi [(1 — 61)pe + 01(pr + FJB)]
P(wzl,azl) reported success;

no dispute: p¢
dispute: pt+kp

]P’(w:l@:(]) reported failure;
no dispute: g¢
dispute: pt+kp

+ (L=v)o) [(1 = 61)pe + 01(qe + K)]

P(w:(]@:l) reported success;
no dispute: p¢
dispute: gt+kp

+ (L= =0?) [(1 = d0)ge + So(ar + £B)] -

P(w=0,w=0) reported failure;
no dispute: ¢
dispute: qt+rxp

Each bracketed term is independent of v, and each probability coefficient is affine in . Hence every

C} 5(7) is affine in ~, and

Ci(v) = sln, Cis(7)

is finite, piecewise affine, and concave. Therefore, at the assigned success probability ~:(a¢), there

is an affine branch ¢; such that
l(ve(ar)) = Ce(velar),  b(y) = Ce(vy) Yy €[0,1].
Writing
GOy)=a+mEe—a)y, @ ==0(0), p=~4(1),

gives the fully outcome-aligned replacement: replace item t by (a, Py, Gi, 1,0). Applying this con-

struction item by item gives
M = {(G’S)ﬁsv st? 17 0)}867'

We now check the constraints and objective. For each true type ¢, her truthful buyer cost is

unchanged:

vi(at) — be(e(ar)) = vi(ar) — Ce(ve(ar)) > 0,

so IR is preserved. For IC, fix true type ¢t and deviation report s. Since the original menu is IC,

vi(ar) — Cr(n(ar)) = vilas) — Cs(velas))-

Moreover, by construction, £;(vi(a:)) = Ci(v1(ar)), and because ¢4 is a supporting affine branch of
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the lower envelope Cs, £5(y) > Cs(v) for all y. Therefore

Thus every deviation is weakly less attractive under M.

Finally, compare the type-t term in the seller’s objective. Under the original item ¢, let D; be
the probability that type t’s buyer disputes under her optimal dispute rule. Since buyer cost equals
expected payment plus kpDy, expected payment equals Cy(yi(at)) — kpDy¢. The seller also pays

dispute cost kgD;. Thus the original type-t objective term is

Ci(vi(ar)) — (kB + ks)Di — c(ar) < Ci(y(ar)) — clar).

Under M , full outcome alignment makes disputes unprofitable, so the type-t objective term is

b(e(ar)) — elar) = Ce(n(ar)) — c(ar).

Thus the seller’s objective is weakly higher for every true type, while IC and IR are preserved.
Therefore M weakly dominates M. This completes the proof. O

B.2.2 Proofs for Section 5.2

Proof of Lemma 1. Necessity. Suppose the allocation-rent profile ((a¢, ut)) is implementable.

teT
Then there exist prices (pe, gt)te7 such that the rent identity (14) and the IC constraints (1C) hold.

For each intended type ¢, write its expected-payment line as

b(x) == g + (pr — @)z
The rent identity gives
b(y(ar)) = vilar) — uy,

so {; passes through the intended point (v;(a¢), v¢(ar) — ue). If another buyer r deviates to item ¢,

incentive compatibility gives

ur > vp(ag) — Le(yr(ar)),
which rearranges to

bi(yr(ar)) > vr(at) — up.
That is, 4; lies weakly above every mimicking type’s point.

Sufficiency. Suppose u; > 0 for all ¢ and each intended point is upper-supported. For each intended
type t, choose a supporting affine line and set ¢; := ¢,(0) and p; := ¢;(1). Then, by the definition
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of upper support, as illustrated in Figure 5a, the rent identity is satisfied and IC is preserved. IR

follows from u; > 0. ]

Proof of Corollary 2. We prove each part separately.
Proof of (i).

Suppose a first-best allocation profile (atF B) satisfies the stated type-by-type upper-support

teT

condition. Setting u; = 0 for every type, Lemma 1 implements (af B) with zero buyer rents, so

teT
profit equals Rfg.

Conversely, suppose Rsg = Rpg, and let ((as, ut)), - be an implemented allocation-rent profile

teT
attaining it. Then

Rrg = Rsg = Zﬂ't[vt(at) —clar) —u] < Zﬂ't[vt(at) —c(at)] < Rrs.
t ¢
Both inequalities are equalities. The first forces ), mu; = 0, and since m; > 0 and w; > 0, it
follows that u; = 0 for every ¢; the second says the allocation profile (at)ie7 is first-best. Applying
Lemma 1 with u; = 0 for every ¢ € T yields the upper-support condition.

Proof of (ii).
Under the separable primitives v,(a) = a,s(a) and v,(a) = 6,h(a), the zero-rent point set for

intended report ¢ at the selected first-best allocation is
{(ays(af®), 0,h(af®)) : 7 € T}.

If h(atF B) = 0, all vertical coordinates vanish, so the intended point is trivially upper-supported. If
h(afB) > 0, then s(af®) > 0 by assumption to avoid corner cases. Therefore the support condition
in part (i) is just the same support condition in the primitive («, 6)-space, up to positive horizontal
and vertical rescaling, and is independent of the allocation level afB.

If 4 is discretely concave in «, then the primitive points {(a., 6,) : r € T} lie on a concave curve.
Hence, by the supporting-hyperplane theorem for concave functions, every point (o, 6;) admits a
supporting line crossing it and lying weakly above all the other primitive points. Rescaling that
line back gives the required report-specific supporting line for every t. Thus the condition in part
(i) holds, and Rsg = Rfg. O

Proof of Theorem 3. By Corollary A-1, the truthful second-best problem can be written in the
allocation and rent variables. We first dispose of no-service items. If a; = 0, then 7,(0) = v,(0) =0
for every r, so all types share the same success probability and gross value at item t—their adjusted
points (0, —u,) differ only through rents—and the same-success constraints in Corollary A-1 reduce
to uy < u, for every r € T. If t € {1,n}, such an item cannot arise at an attained optimum:
replace item t by (a*,us) with a* € arg max,c 4{ve(a) — ¢(a)}. Since maxye4{vi(a) —c(a)} >0 =

v¢(0) — ¢(0), we have a* # 0 and hence s(a*) > 0; item ¢ then faces mimicking types on only one
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side of the success-probability axis, so a sufficiently steep payment line upper-supports it for any
rent, while the constraints of all other items are unchanged because type t’s rent is unchanged.
The objective strictly increases by m; max,e4{vi(a) — c¢(a)} > 0, a contradiction. Hence endpoint
items are positive-service at any attained optimum. If instead ¢ is interior with a; = 0, then
ur = 0 without loss at an attained optimum: w; is a minimum rent, and if u; > 0, subtracting u;
from every rent preserves nonnegativity, leaves all same-success and chord constraints unchanged,
and strictly increases profit. With u; = 0, item ¢’s same-success constraints hold and its chord
constraints below are automatic. We record this boundary condition by restricting the domain to
(at, ur) € {(0,0)} U ((A\ {0}) x Ry), which is a convex set, and, for positive-service items, use
s(ag) > 0 in what follows. Under ~;(a;) = a;s(ay), for any r <t < 7,

rr(gy = () =) _ (ar —ad)s(ar) _ ar—ap _
A ( ) B 7T(at) - '71"(@1‘/) B (aT - ar)s(at) N Or — QO =N

Thus the support constraints no longer depend on the allocation through A;7 for positive-service

items; for a no-service item, the boundary condition u; = 0 replaces its constraints. The reduced

problem is
Rsg = max > mfvi(ar) — clar) — uy] (B-12)
(a, ur)€{(0,0)1U((A\{0}) xR} ) teT
teT
sb velar) —up > AT () — up] + (1= A7) [or(ar) — ur, Vr<t<T.
Proof of (1).

In the reduced formulation, each allocation a; appears only in the support constraints for which

t is the intended type:
ve(ar) —ug > A7 [or(a) — up] + (1 = A7) [or(ar) — us], r<t<T.

Thus a1 can appear only in the constraints for intended type 1, and a, can appear only in the
constraints for intended type n. But type 1 has no left bracketing type r < 1, and type n has no
right bracketing type 7 > n. Hence, there is no constraint for intended reports 1 and n. Therefore,
a; and a, can be chosen freely. (By the boundary step, endpoint items are positive-service at
any attained optimum, so the boundary restriction at a; = 0 does not bind for them; and since
maxgea{vi(a) — c(a)} > 0, every maximizer of v;(a) — c¢(a) is a positive-service allocation, so the
replacement below never activates it.) The a; enters the reduced problem only through the objective

term
mi[vi(a1) — c(a1)],
and a,, enters only through

Tn[vn(an) — c(ay)].
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Therefore, at any attained optimum, replacing a; by a maximizer of v;(a) — ¢(a), or replacing a,
by a maximizer of v,(a) — c(a), leaves feasibility unchanged and weakly increases the objective.
Hence
SB SB
ay” € argmax{vi(a) — c(a)}, ay® € argmax{v,(a) — c(a)}.
acA acA

Proof of (ii)(a).

Now impose v;(a) = O;h(a). Let 2z = h(as), let Z = h(A), and define &(z) = c(h™1(2)).

Substituting v;(a;) = ;2 into (B-12), the constraint for » < ¢t < 7 becomes

Orzt —ug > A7 (Orze — up) + (1 — A7) (0r2p — ur).
Rearranging gives linear constraints
= ATy = (1= A7)y < 2[00 = 70, — (1= A7)0
By the definition of A}7, this is exactly (19). The objective becomes
Z e [Orze — (2¢) — wy.

teT
Because h is strictly increasing and h(0) = 0, the domain restriction on (at, ut) is equivalent to
(2, ur) € {(0,0)} U ((Z2\ {0}) x Ry). Hence the problem is equivalent to (18). If Z and ¢ are
convex, problem (18) is a convex program: the objective is concave because —¢ is concave, the
chord constraints are affine, and the maximization domain is convex in each (z;,u;)-plane: if a
convex combination of two feasible points has z; = 0, then z; = 0 at both points because z; > 0,
so uy = 0 at both, and hence at the combination. The feasible set is therefore an intersection of

convex sets.

Proof of (ii)(b).

Suppose the program admits a primal-dual saddle point with nonnegative multipliers m;”™ > 0

on the chord constraints (19). Dualizing only these constraints and retaining each (2, u¢) in the
primal domain {(0,0)} U ((Z\ {0}) x Ry), the Lagrangian is

L= Z T [Orze — E(2¢) — ug] — Z my” [ug — AN Tur — (1= AN ur — 2A77].
teT r<t<T

Fix an interior type t. Collecting the terms involving z;, the z;-dependent part of the Lagrangian
is

Tt [Gtzt — 5(Zt)} y
where

~ 1
O =0, +— 3 miTAJ.

Tt r<t<t
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The remaining dependence on wu; is linear, and its coefficient must be nonpositive at the saddle
point; if it were positive, fixing any nonzero z; and letting u; — oo would make the Lagrangian
unbounded above.

The boundary condition z; = 0 = u; = 0 prevents us from separating the maximizations over
z; and u; immediately. However, (z,0) is admissible for every z € Z. Comparing the saddle-point
choice (278, upB) with (27B,0), saddle-point maximality implies that the w-term at (278, u?B) is
nonnegative. Because its coefficient is nonpositive and ufB > 0, that term is also nonpositive and
hence equals zero.

Now compare (278, u?B) with (z,0) for any z € Z. The u;-term equals zero at both choices, so

saddle-point maximality gives
Tt [thtSB —&zB)] > [gtz —&(2)] Vz e Z.
Since m; > 0,
278 € argmax{0;z — &(2)}.
z€Z
Translating back through z = h(a) gives
a® € argmax{f;h(a) — c(a)}.
acA
This completes the proof. O

Proof of Corollary 3. We prove each result separately.
Proof of (i).

Discrete convexity of # in & means each interior point (o, 6;) lies weakly below the chord between
its bracketing types, i.e. A]” <0 for all » < ¢t < 7. The virtual-value formula in Theorem 3 adds
T S ey METALT which is nonpositive because m; > 0, mi™ > 0, and A]” < 0. Hence 0, < 0.
Since ¢ is convex and differentiable, the maximizer correspondence of ¥z — ¢(z) is nondecreasing in

¥, which gives a?B < afB.

Proof of (ii).
The constraint (19) gives

up® = NP - (1= N)ue® < 2PATT <.

By definition,
Or — O
NT= ST = e (1= Ao
Thus A[™ is exactly the chord weight that locates a; between o, and «,. Hence the preceding

inequality is precisely the chord inequality

uP® < AT 4 (1 — AT)udB, r<t<r,
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SB

so the rent profile (uj is discretely convex in a.

)teT
S

If i < j < k with uiSB = ukB = 0, discrete convexity gives

SB ik, SB iky\, SB

Since ust > 0, we get uJS-B = (0. Thus the zero-rent set is a contiguous interval, and positive rents
can occur only in the two tails.
Under the strict conditions A}” < 0 and h(a?B) > 0 for interior types, three zero-rent types

1 < j < k would make the constraint for j read

_ ,SB _ ik SB iky, SB — .SB Ak
0=mu7" — Au7” — (1 = A )ug” < 277 A <0,

a contradiction. Hence at most two IR constraints bind, and by the interval property they are

adjacent. O

Proof of Corollary 4. We prove each result separately.
Proof of (i).

When there are only two types, both types are endpoints. By Theorem 3(i), both receive first-
best allocations. With no interior type, there are no chord constraints, so the zero-rent profile

u1 = ug = 0 is implementable; hence Rsg = Rfg.

Proof of (ii).
Use the ordering, A, and x from the statement. With three types, types 1 and 3 are endpoints,

so there is no support constraint targeted at those types. The only allocation-relevant support

constraint is the one targeted at type 2. Specifically, the problem (18) reduces to

3 3
Rsp = Zieg’l,a;izo Z milbizi — ¢(z)] — ; iU (SBThree)

i=1,2,3 i=1

sit. w2 — Aup — (1 — Nug < 2.

(a) The case x > 0. Since u; = ug = usz = 0 satisfies the only constraint for every z,, all rents can
be set to zero and each allocation can be chosen to maximize its own first-best surplus. Therefore

Rsg = Rrs.

(b) The case x < 0. By Theorem 3(i), types 1 and 3 are endpoint types and therefore receive
first-best allocations. It remains to characterize the middle type’s allocation and the rent profile.

Fix z5. The rent-minimization problem is

min_ mug + moug + myug  S.t. Aug + (1 — Nus —ug > —29,
u1,u2,u3>0

where —zox > 0 because x < 0 and z2 > 0. Since ug enters the constraint with coefficient —1,

lowering us weakly relaxes the constraint and strictly lowers the objective whenever us > 0. Thus
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every rent-minimizing solution has ugB =0, i.e., IRy binds. The remaining problem is

min mu +mwyug  s.t. Aug + (1 — )\)U3 > —29X.-
u1,u3>0

One unit of the left-hand side costs m /A if it is produced through w;, and m3/(1— ) if it is produced

through uz. Hence the minimum rent cost is

—£29X, £ = min{i\l,lig)\}.

It is attained by assigning the required rent to the cheaper endpoint:

(—z2x/A, 0), T /A <mg/(1—A),
(3B, u3%) = (0, —z0x/(1 — \)), m3/(1—\) < 711/,
any split with Au; + (1 — Nug = —z2x, m/A=m3/(1 = N).

Substituting the minimized rent cost into (SBThree), the part of the objective involving ze becomes
(D) |:<02 + @() 29 — é(ZQ):| .
2

a3® € arg max { <92 + fX) h(a) — c(a)} .

acA 2

Thus the middle type solves

Since 258 = h(a3B), the rent formula above is exactly the stated one.

By the analysis above, the single support constraint binds. That is, the supporting line for
report 2 also touches the two endpoint points, so IC;_9 and IC3_5 bind. The positive rent is
assigned to the cheaper endpoint, so the other endpoint’s IR binds; if the unit costs are tied, any

split is optimal. O

C Proofs for Appendix Results
C.1 Proofs for Appendix A.1

Proof of Lemma A-1. Fix item s and a buyer whose success probability at this item is ~.

First consider a reported failure. Under PFS, the reported-failure bill is zero. If the buyer
disputes a reported failure, verification can only leave the bill at zero or raise it to the verified
success bill, and the buyer also pays the dispute cost. Hence the buyer never disputes after i = 0.

Now consider a reported success. If the buyer does not dispute, she pays ps. If she disputes,

her expected verified bill is

~

psPrw=1|®

Il

—_
S~—

Il
3
©

and she also pays the dispute cost kp. Therefore, when ns(v) > 0, she disputes after a reported
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success if and only if
1

0%

o)

+ KB < Ds.
Equivalently,

(1= psoy > kpns(v).

If ns(y) = 0, reported success never occurs, and the condition is false.
The buyer’s expected cost therefore compares two branches. If reported successes are not

disputed, the expected bill is

psns(7)-

If reported successes are disputed, the expected verified bill is

YPsO ; )
and the expected buyer dispute cost is

RB1]s (’7)

Thus

Cy(7) = min {pyns (), Y0t + Kpns(7) } -

The seller’s expected payoff is psns(y) in the no-dispute branch. In the dispute branch, the
seller receives the expected verified bill ypso! and pays dispute cost with probability 7,(7), so seller
expected payoff is ypsol — ksns(7). O

Proof of Proposition A-1. By Lemma A-1, at a PFS item (p,c', ") a buyer never disputes a
reported failure, and a buyer with success probability 5 has expected cost min{N (%), D(¥)} from

the item, where
N@#):=pFo' +(1-7)°],  DF):=7(+rp)o" +rp(1l—7)0"

are the no-dispute and dispute branches; she strictly disputes reported successes iff D(7) < N (7).
The seller’s payoff from an assigned type «y is N(7) if she does not dispute and y(p—rg)o! —kg(1 —
7)oV if she does. The key observation is that the dispute branch of the buyer’s cost depends on the
item only through o° and the product (p + kp)o?.

Costless disputes (kp = kg = 0). For every type 7, observe that D(5) = Fpo! < N(3). If the
inequality is strict, the buyer disputes reported successes, in this case, both her expected cost and
the seller’s payoff equal Fpo'; if equality holds, she does not dispute and the same conclusion holds
because both sides’ dispute costs are zero. Hence (p, o, ) is payoff-equivalent to the fully aligned
item (po!,1,0) for all buyers, and replacing each item accordingly yields an optimal menu with no

on-path disputes.
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Costly disputes (kp + ks > 0). We show no optimal menu has a disputing assigned type. By
Lemma A-1, a disputing assigned type ¢, with v := 7;(a¢), must satisfy (1 —~)po® > kpn(y). This

0" we further have (1 — v)pa® > k(1 — 7)o"

implies v < 1 and ¢° > 0. Since n(y) > (1 — 7)o
dividing by (1 —7)c® > 0 yields p > k3.

We first rule out the corner v = 0. If kg > 0, a disputing buyer with v = 0 incurs D(0) =
kpo® > 0; since y;(a;) = 0 implies v;(a;) = 0, her IR constraint would require —xpc® > 0, a
contradiction. If kg = 0, then kg > 0. Replace her item (p,c',c%) by (p,o',0), keeping the
allocation fixed. Before the replacement, every buyer type 7 has D(3) = Apo! < N(3), so her
optimal expected cost is Ypo!. Afterward, N'(7) = D'(7) = pct, so every buyer’s expected cost
remains unchanged. Since the allocation is fixed, all IC and IR constraints are preserved. The
replacement nevertheless strictly benefits the seller when serving the assigned type t. Under the
original item, v = 0 means that a reported success is necessarily false and occurs with probability
0% > 0. Type t disputes each such report, so the charge p is cancelled and the seller incurs kg,
yielding the expected payoff —kg0”. Under the replacement, the false-positive probability is zero,
so no charge or dispute occurs and the seller’s expected payoff is 0. Thus, without loss, we can
eliminate the on-path dispute at v = 0 and strictly increase the seller’s payoff. Hence every on-path
disputer in an optimal menu has v € (0, 1), which is our focus in the remaining proof. Suppose
now that assigned type ¢t with v € (0, 1) strictly disputes her item, i.e. D(y) < N (7). Perturb only
her item, keeping o¥ fixed.

Case o' > 0. Let I := (p+ rp)o! > 0. Raise the success bill to any p’ > p and set ¢! :=
I/(p'+kB) € (0,0'), so that (p’ + kp)o’ = I. Then D(7) is unchanged for every type, while N(7)
weakly increases, since p'o’t = Ip'/(p’ + kp) and p'c® are both nondecreasing in p’. Hence every
type’s optimal expected cost min{N, D} weakly rises, while type ¢, which remains strictly on the
D branch, keeps her cost D(v) exactly. Thus type t’s IR and IC constraints are unchanged, and

the item becomes weakly less attractive to every other type, so the menu remains feasible. The

allocation is unchanged, and the seller’s payoff from type t is

/
/ n 0 P — ks 0
—kg)o" —ks(1 =)o =~1 —ks(l—7)o".
V(P = ks) s(l=me =T s(1=7)
This expression is strictly increasing in p’ because d%’ﬁ'::; = (]’;}i ":’;S)Q >0and vI > 0. Any p’ > p

therefore strictly raises the objective, contradicting optimality.

Case o' = 0. For every buyer type 7, the dispute and no-dispute branches are D(7) = rkp(1 —
7)o® and N(7) = p(1 —7)c®. Since type ¢ strictly disputes and (1 —+)c® > 0, D(y) < N(v) implies
p > k. Replace the old item (p,0,0%) by (p’,0,0°), keeping the allocation fixed, where p’ := rp.
Under the new item, N'(7) = D'(j) = D(7) = k(1 — 7)o, so every buyer’s optimal expected
cost remains unchanged and all IC and IR constraints remain satisfied. By the seller-favorable tie-

break, type t no longer disputes. The seller’s expected payoff from type t rises from —kg(1—v)o? to
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kp(1—7)a?, astrict increase because (kp+#ks)(1—7)o? > 0. Thus the new item preserves feasibility

and strictly improves upon the supposedly optimal old item, again contradicting optimality.

In both cases the assigned type cannot dispute her item, so an optimal PFS menu has no on-path

disputes. ]

Proof of Proposition A-2. Take an optimal PFS menu with no on-path disputes, which exists
by Proposition A-1. By Lemma A-1, a buyer never disputes a reported failure, so it suffices to

consider reported successes. For a fixed item s, Lemma A-1 gives the dispute condition
(1= 7)psog > rplyos + (1= 7)ol

The set of 4’s satisfying this strict inequality is a lower interval: rearranged, the condition reads

(1 —3)(ps — kB)o? > kpyol. If ps < kp or 0¥ = 0, its left side is nonpositive and its right side

nonnegative, so the set is empty; otherwise (ps — kg)o? > 0, and collecting the y-terms shows the

condition is equivalent to

(ps - /QB)O-S

(ps — kB)o) + Kpol

v <

Since type s does not dispute item s in this menu, vs(as) lies weakly above this threshold whenever
the dispute set is nonempty; hence any type with success probability weakly above 74(as) also
does not dispute item s. Under the common ordering, ¢ > s implies v;(as) > 7s(as), proving the
claim. O
C.2 Proofs for Appendix A.2

Proof of Lemma A-2. We prove the two directions separately.

Necessity. Suppose first that (x4, y;) is upper-supported. Then there is an affine line (with slope
denoted as d) through the focal point,

Uz) =y +d(z — 3y),

such that ¢(x;) > y; for every j. If another point has the same horizontal coordinate as the focal

point, say x, = x¢, then the line has the same height at the two points:
Uxy) = L(zt) = Yt

Therefore support of point r requires y, < y;. This is exactly the same-success inequality.

Now take one point to the left and one point to the right of the focal point:
Ty < Tt < Tr.
Because z; = A"z, + (1 — A}7 )z, linearity of ¢ gives

NTE(e,) + (1= N7)(er) = Ear) = i

App-27



Since support means y, < ¢(x,) and y, < ¢(z,), we obtain
iy + (1= X)yr < wie
Thus every chord connecting a left point and a right point must pass weakly below the focal point.

Sufficiency. Now suppose the same-success and chord inequalities hold. We need to construct one
slope d such that the line
U(z) =y +d(z — )

lies weakly above every point.

For a right-side point x, > x;, the support requirement is
ye +d(xr — x4) > yr.

Because x — x; > 0, this is equivalent to the lower bound

Yr — Yt

d> .
Tr — Tt

For a left-side point z, < x¢, the support requirement is
Yo + d(zr — 1) > Yr-

Because z, — x; < 0, dividing by this negative number reverses the inequality, giving the upper
bound

Yr — Yt
ivr_xt.

d<

Thus right-side points require the slope to be high enough, while left-side points require the slope
not to be too high.

Collect the strongest of these lower and upper bounds:

. Yr — Yt
= 1min

Yr — Yt
L; ;== max U, ,
Ty <Xt Ty — Tt

T >Tt Ty — Ty
with the usual conventions L; = —oo if the first set is empty and U; = +oo if the second set is
empty. A slope satisfying all side-point constraints exists if and only if L; < Uj.

The chord inequalities give exactly this compatibility. Indeed, for every left—right pair z, <

r; < x;, the inequality
ye > Ny + (1= N )yr

can be written, using

Tr — T Ty — &
T __ T t T t T
>\t —_— 9 ]. - >\t —_— 9
Tr — Ty Tr — Ty
as
Tr — Tt Tt — Ty
(1 Yr + Yr-
Ty — Ty Ty — Ty
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Since z; — x, > 0, multiplying through and rearranging gives

(r —2¢)(ys — yr) > (@0 — ) (Yr — Y2)-

Finally, since xy — x, > 0 and x, — x; > 0, this is equivalent to

Yr — Ut < U —Y  Yr — Yt

Tr— Ty Tp— Ty Ty — Tp

Thus the slope from the intended point to any right point is no larger than the slope from any left
point to the intended point.

Choose any d € [L;,Uy], and define ¢(x) = y; + d(z — x;). By construction, ¢ lies above every
point with z; > z; and every point with ; < x;. The same-success inequalities give £(x;) =y > y;

whenever z; = x;. Therefore ¢ is an upper-supporting line through (z, y;). ]

Proof of Corollary A-1. By Lemma 1, the unrestricted contract-design problem (15) can be

written in terms of the allocation-rent profile as

RSB = aterﬂ%(tzozm [vt(at) - c(at) - ut] (C—13)
teT

st. (e(ar), ve(ar) — ue) is upper-supported in {(v;(ar),vj(ar) —uj): j€ T}, Vi

Applying Lemma A-2 to this option-t point set, with z; = v;(a;) and y; = v;(ar) — uj, gives
exactly the same-success and chord inequalities in (A-2). The objective is unchanged, so the two

formulations are equivalent. O

Proof of Lemma A-3. Fix an allocation profile (a;)ie7 with s(a;) > 0 for all ¢. Relabel types so
that a; < -+ < a,. By Corollary A-1, it is enough to find a rent profile (u;);e7 € R’} such that,
for every r <t < T,

AT + (1= AN )ur —up > AT vp(ar) + (1 = A7) vr(ar) — ve(ar),
where
Oy — O

T __
At _— .
ar —

For each triple r < t < 7, define
B{" = X"vp(ar) + (1 = A" v (ar) — ve(ar).
Also define
DT = AT 4+ (1 — \[")a2 — ol
Since A" is the chord weight satisfying

ar = Ao, + (1= A7),
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we have
D" = (¢ — ap)(ar — ) > 0.
Because there are finitely many triples, choose M > 0 such that

MD;™ > B/, Vr <t <T.
Now set
uj = Ma?, jeT.
Then u; > 0 for every j € T, and for every r <t <7,
A up + (L= AN ur —up = MD;™ > By".

Thus all finite support inequalities hold. By Corollary A-1 and Lemma 1, the allocation-rent profile
((at,ur)) teT 18 implementable. That is, for any positive-success allocation profile, we can construct

a rent profile (u¢)ie7 such that ((a¢,us)), - is implementable. O

teT

C.3 Proofs for Appendix A.3

Proof of Theorem A-1. Consider any feasible menu and keep its allocation profile fixed. For
item ¢, let Cy(7y) be the buyer’s minimum expected cost, including buyer’s payment and dispute
costs, when the true outcome distribution at item a; is v € A(Q2). For any fixed rule specifying
whether the buyer pays or disputes after each report, each true outcome w; induces a fixed expected
cost, obtained by averaging over the possible reported outcomes. The buyer’s overall expected
cost is therefore S°X | yslexpected cost conditional on w;], which is linear, and hence affine, in .
Therefore C}, the lower envelope over finitely many fixed dispute rules, is concave in v € A(Q).
Because C} is the minimum of finitely many affine functions, an affine piece attaining that
minimum at “;(a;)—the expected cost of the pay-or-dispute rule the assigned buyer optimally
uses—agrees with C; there and lies weakly above C} everywhere on A(£2). This yields a supporting

affine function ¢; at the assigned distribution even when ;(a;) sits on the boundary of the simplex:

b(vi(ar)) = Ce(velar)),  b(v) > Ci(y) Vv € A(Q).

For each menu item ¢, replace its reporting matrix by Ik and its bills by p; ., := f(ex). Since
v = Zi(:l Vi €k, affinity gives Zszl Yo Dtwr = Le(7y). Moreover, under full alignment, disputing
verifies the reported outcome and therefore leaves the bill unchanged while adding xp. Thus, under
seller-favorable tie-breaking, no buyer disputes, and a buyer with outcome distribution - incurs
cost £(7).

Because the original menu satisfies IR and IC, the replacement preserves both: it leaves each
assigned type’s cost unchanged, since ¢;(v¢(a;)) = Ci(yi(ar)), while a type r mimicking item ¢

incurs 4 (vr(at)) > Ce(vr(ar)). Thus, assigned utilities are unchanged and every deviation becomes
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weakly less attractive. The replacement also eliminates dispute waste: the original seller payoff
from type t was C¢(v(a;)) minus kp + kg times the dispute probability, whereas the new payoff is
Cy(7i(at)). Since allocations and provision costs are unchanged, profit weakly increases. Applying

this replacement to every item proves the result. O

Proof of Theorem A-2. By Theorem A-1, it is without loss to restrict attention to full outcome
alignment. A direct menu item ¢ is then an allocation a; and a vector of unrestricted outcome-

contingent bills p; = (P, - - -, Prwy ). For each type t, define the truthful rent

Ut 1= vt(at) — Dt ’)’t(at), (C—14)

so the expected payment collected from type ¢ is v¢(a;) —ug. As in (15), the many-outcome second-

best problem reads, in terms of the allocation—rent profile,

ategll?zﬁzo Z me[ve(ar) — clar) — ] (C-15)
teT teT

sit. ((at,ur)),.r is implementable,

where the allocation-rent profile ((a;,us)) is implementable if there exist bills (p;)ier under

t
which each w; is the truthful rent in (C—14)€;1d no type prefers another report.

We first rule out no service for extreme types. Suppose a; = 0 and oy ¢ co{ay, : r # t}. Let a* €
argmax,e 4{v¢(a)—c(a)}. The assumed positive surplus implies a* # 0. By the separation argument
used in part (i) below, replacing (0, u;) by (a*, u;) preserves implementability while leaving all other
items’ constraints unchanged. This replacement raises the objective by m; max,e 4{vi(a)—c(a)} > 0,
contradicting optimality. Hence an extreme type cannot receive no service at an attained optimum.

Now consider a non-extreme type ¢t with a; = 0. Since B(0) = 0, we have ~,(0) = b(0) for
every r; moreover, v,(0) = 0 for every r. Thus, incentive compatibility becomes u; < wu, for
every r. Hence u; is a minimum rent. If u; > 0, subtracting u; from every rent preserves incentive
compatibility because all utilities shift equally and preserves individual rationality because all rents

remain nonnegative, while strictly increasing profit. Therefore, at an attained optimum, a; = 0

implies u; = 0.

Implementability reduction.

We next characterize implementability for positive-service items. Fix an allocation—rent profile
((at,ut)) T and a report ¢t with a; # 0. Under full alignment, disputing leaves the bill unchanged
and adds kp, so no buyer disputes and expected transfers equal expected bills. If true type r
chooses report ¢, her expected payment is
)T

Pl vr(ar) = pg b(ay) + (Bla) ') e (C-16)

Thus, the bills generate an affine expected-payment function of «,. Conversely, because B(a;)
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has full column rank, the map p; — B(a;) ' p; is onto RY. Hence, for any target affine function
li(c) = q; + By - ¢, we can choose p satisfying B(a;)"pY = B¢, and then add the common amount
g — (pY) Tb(ay) to every bill. Since Y01 Yy, (a;) = 1, this common shift sets the intercept, so the
resulting bills charge every type r exactly ¢;(c,).

We now translate incentive compatibility into conditions on ¢;. To give the assigned type ¢ rent
ug, her expected payment must satisfy ¢; (o) = vi(ar) —ug. To prevent type r from choosing report
t, we require v, (a¢) — li(ar) < u,, or equivalently, ¢;(a,.) > v,(a;) — u,. For every positive-service
report ¢, full column rank allows its bill vector p; to implement any affine expected-payment func-
tion. Because each report has its own bill vector, this construction can be carried out independently
across reports. A no-service report can be implemented with zero bills and zero rent, as established
before. Therefore, the allocation—rent profile is implementable if and only if, for every ¢t with a; # 0,

there exists an affine function ¢; such that

ft(at) = ’Ut(at) — Uy, Et(ar) > vr(at) — Uy Vr € T (0—17)

Proof of (i). Let ((at’ut))te’r be an attained optimum and fix a type t satisfying a; ¢ co{a, :
r # t}. By the no-service argument above, a; # 0. We first show that a; can be replaced by
any a’ # 0 while holding all rents and all other allocations fixed. Because T is finite, the convex
hull co{e, : r # t} is compact and convex. Since a lies outside this set, the strong separating

hyperplane theorem provides a vector n and a scalar ¢ such that
nN-or>c>n- o Vr £ t.

Thus, n strictly separates type t’s index from every other type’s index.
Fix any o’ # 0. By (C-17), it suffices to construct an affine expected-payment function that

gives type t rent u; and deters every other type from choosing report t. Define
() == v(a) —ug — Mn- (a— ay).
At oy, the last term is zero, so £} (ay) = vi(a’) — ug. For every r # t,
loy)=v(d)—w+Mn o —n- o).

The expression in parentheses is strictly positive. Because there are finitely many other types,
one sufficiently large M ensures ¢}(a,) > v,(a') — u, for every r # t. Therefore, report ¢ remains
implementable after replacing a; by a’. The conditions for every report s # ¢ depend only on as and
the rent profile, which are unchanged. Hence the modified allocation—rent profile remains feasible.

Choosing a; = a* € arg max,c 4{v¢(a) — c(a)} for extreme type ¢ completes the proof.

Proof of (ii). We first handle no-service reports. By the no-service argument above, z; = 0 implies
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u; = 0. Hence, for every A\ € &,
U — Z Arlly = — Z Mty <0 = ztA;\,
reT reT
because all rents are nonnegative. Thus, the constraints hold automatically for no-service reports.
We may therefore focus on a report ¢ with a; # 0.
Fix such a report and write y, := v,(a;) — u,. By (C-17), report ¢ is implementable if and only
if there exists an affine function through (a4, y;) that lies weakly above («,., y,-) for every r. Writing

this function as
bla) =y + B - (a — ay),

this is equivalent to the existence of 8 € R? satisfying

B-loy—a) >y —yr  Vr#t.
We claim that this condition is equivalent to
ye> Y Ay VAE A (C-18)
reT
For necessity, let ¢; be such an affine function. For any A € Ay, affinity and >, A, o, = o imply
Yt = Et(at) = Z )\rgt(ar) > Z Aryr-
reT reT
For sufficiency, suppose no such 8 exists. Farkas’ lemma then provides weights u, > 0, r # t, not
all zero, such that
ooy —ar) =0, > p(yr —ye) > 0.
r#t r#t
Let M := 3,4 ptr > 0, and define

Ar ::% for r £ ¢, At = 0.

These weights are nonnegative and sum to one. Moreover, the first Farkas condition implies
1
Z Arar — O = M Zﬂr(ar - at) = 07
reT r#t
so A € A;. The second Farkas condition implies
1
DAt =y =373ty =) >0,
reT r#t
contradicting (C-18). Thus, (C-17) and (C-18) are equivalent. Equivalently, for each ¢ with a; # 0,
the tuple (at, (uy)rer) is implementable if and only if

ve(ay) — ug > Z Ar[or(at) — uy] Y€ Ay (C-19)
reT
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If oy ¢ co{a, : 7 # t}, then Ay = {e;}, and the condition reduces to the identity
ve(ag) — up > ve(ag) — ug.

It is therefore automatically satisfied for an extreme type.
Now substitute v,(a;) = 0,2¢, where z; = h(a¢). For every A\ € &, (C-19) becomes
Oz —ur > Y Ae(Orz — up),
reT

or, equivalently,

=) Mup < 5ALN (C-20)

reT

These are exactly the constraints (A-7). Together with the domain restriction implied by the

no-service condition z; = 0 = u; = 0,

(21, ue) € {(0,0)} U ((Z2\{0}) x Ry),

the objective becomes

Z Tt [tht — é(zt) — ut} .

teT
When Z and ¢ are convex, the objective is concave and the constraints (C-20) are affine. Note that
the maximization domain is also convex: because z > 0, a convex combination can have z; = 0 only
if both original points have z; = 0, in which case both also have u; = 0. This proves the convex
formulation.

Finally, suppose the program admits a primal-dual saddle point with multipliers m; > 0 on

the constraints (C-20). Dualizing these constraints, the Lagrangian is

L= Zm tht—czt —ut Z th (ut Z)\Tur—ztAg\>.

teT teT Ne& reT

For each type t, collecting the terms involving z;, the z;-dependent part of the Lagrangian is

¢ [atzt —&(z1)],

where
Gt = 9,5 + — Z m
t xeg
The rest follows similarly to the proof of Theorem 3(ii). O
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